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PREFACE. 



The Author deems it necessary to state, that this little book is 
not made up of selected portions of his Edition of Wood^a Alge- 
bra, but is an entirely new and original work, planned and con- 
structed, with no inconsiderable amount of thought and labour, for 
the special use of three classes of persons, 1st, The junior boys in 
Schools, who, in the Author's opinion, might devote much of the 
time, now given to common arithmetic, more profitably and plea- 
santly to Easy Algebra, superior, as it confessedly is, both for men- 
tal exercise and as an instrument of calculation ; 2nd, Those Mer 
Students, who either have not the time or the will to learn more 
than the first rudiments of mathematical analysis ; and, Srd, The 
working men, of small lebure, but good understanding, who are 
often found (at least in the manu&cturing districts) engaged in 
researches that would do credit even to persons of greater ability, 
but yet baffled and perplexed for want of a higher power of com- 
putation than common arithmetic can supply. 

The Author has carefully examined all the books in use at the 
present time, which profess to have a similar object. Some begin 
with incorrect Definitions, and lead the Student astray at the very 
outset. Others are arranged in so unconnected a manner, and so 
entirely without a plan, that one main element of usefulness is 
wholly wanting — that which constitutes the glory of Euclid — con- 
secutive reasoning and deduction. Others, again, professing to be 
"Alg^a made Easy," are really little more than Arithmetic made 
Hard. And the general result of the Author's examination is, he 
is not afraid to say, that no Easy Algebra has hitherto been pub- 
lished, at least in this country, in which the subject is not either 
incorrectly treated, badly arranged, or needlessly debased. At the 
request of many persons, who feel the want of something better, 
the present attempt is made to supply the deficiency, and to 
public criticism it is now hopefully committed. 

It will be seen that the book ia printed with the best type and 
skill of the Rtt Press, regardless of expense, firom the Author's 
conviction, founded on much experience, that the bad printing of 
Mathematics often leads to bad writing on the part of the Student, 
which is the source of much subsequent carelessness and error. 

MoRTOK Rectory, near Alfreto^, 
March 1, 1850. 
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ALGEBRA. 



Algebra is most simply defined as Universal, or Ge* 
neral, Arithmetic, It is an extension of the powers of Com* 
mon Arithmetic by the use of letters to denote numbers^ 
instead of the figures 1^ 2, 3, &c.; and it bears somewhat 
the same relation to Arithmetic as Steam- Power does to 
ordinary manual labour — inasmuch as what Arithmetic can 
do Algebra will often do more easily, and much which Arith- 
metic cannot do at all Algebra can. 

To take a simple example^ suppose the following question 
proposed : — 

" What number is that which, upon being increased by 
10, becomes 3 times as great as it was before?" 

The Arithmetician would proceed^ by the Rule of Double 
Position, thus : 

1st. Suppose 20 to be the number, 
then, since the number increased by 10 becomes SOy 

and 3 times 20 is 60> 
the error is 30. 

2nd. Suppose 10 to be the number, 
then, since the number increased by 10 becomes 20, 

and 3 times ^0 is 30^ 
the error is 10. 

Hence, i>y Rule, 30 times 10, or 300, diminished by 10 
times 20, or 200, leaves 100; and this divided by 20, (the 
difference of the Errors), gives 5 for the number required. 

Now let the reader compare this Arithmetical working 
with that by which Algebra would enable him to attain the 
same result — ^not attempting, of course, at present to under* 
stand the latter, but simply observing the shortness^ and 
evident simplicity, of the computation. 

The Algebraist would proceed thus. 

Let X be the number, 

then or + 10 = 3x, by the que&\ioxi, 

2af=:10, 

jc = 5y the required nutabct. 
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By means of these four short lines the proposed question 
is completely solved, and with such ease as to put to shame 
all attempts to solve i^uch questions by the Arithmetical 
method. 

In like manner it might easily be shewn, if it were not 
out of place here, that the solution of other questions lies 
within the power of Algebra^ which common Arithmetic 
cannot touch at all. But this the Student may be safely 
left to gather for himself as he proceeds. 

DEFINITIONS, FIRST PRINCIPLES, AND NOTATION. 

1. Quaniiiy, (from the Latin quanlus^ * how much') is a 
word in common use, answering to the question, 'how 
much', or *how many', and therefore expressed by some 
number. Thus a quantity of persons is expressed or mea- 
sured by the number of them — a quantity of cloth by the 
number of yards it contains ; and so on. 

Hence to express *any quantity', as is required to be 
done in Algebra, we must have something which will ex- 
press * any number'; and for this purpose the letters of the 
Alphabet are found convenient. Thus, for example, instead 
of writing or saying 'any quantity multiplied by any other 
quantity', we merely write or say 'a multiplied by b\ where 
a represents, or stands for, any number, and b any other 
number*. So that just as the operations of Arithmetic are 
simplified and abridged by using the figures I, 2, 3, &c. 
instead of the words, one, two, three, &c., the operations of 
Algebra are abridged by using, instead of words^ the letters 
a, b, c, &c., X, y, z, to represent, or stand for, general num^ 
bers. 

Various Signs or Symbols also are used, for the sake of 
convenience, to express the various Arithmetical Operations 
of Addition, Subtraction, Multiplication, Division, &c. These 
may be any distinct marks which Algebraists can agree 
upon. At present they are as follow : 

2. (Addition). + is read plus (Latin for more\ and 
signifies that the quantity which comes next after it is to be 
added to that which goes before. Thus a + b, (which is 
read a plus 6), signifies that the quantity represented by b 

• To express * any quantity multiplied by any other quantity ' it would 
not be coirect to say ^a multiplied by a* : this would only express ' any 
quantity multiplied by itself \ 
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is to he added to the quantity represented by a. If a stand 
for 5, and b for 7, then a + b is 5 + 7, and is equal to 12. 
If also c stand for 4, then a-\-b + Cy (which is read a plus b 
plus c), is equal to 12+*4, or l6. 

3. (Subtraction). — is read minus (Latin for less), 
and signifies that the quantity which comes next after it is 
to be subtracted from that which goes before. Thus a — b, 
(which is read a minus b), signifies that the quantity h is to 
be subtracted from the quantity a. If a stand for 10, and b 
for 6, then a — 6 is 10 — 6, and is equal to 4. If also c stand 
for 8, then a-^.b--c, (which is read a minus b minus c), is 
equal to 4— 3^ or 1. 

4. (Multiplication), x is read into, or times, and 
signifies that the quantity which comes next after it is to be 
multiplied by that which goes before. Thus axb, (which 
is read a into b, or a times 6), signifies that b is to be multi^ 
plied by a, or taken a times. If a stand for 6, and b for 4, 
then a X 6 is 6 times 4, and is equal to 24. If also c stand 
for 2, then axbxc^ (which is read a into b into c), is equal 
to 24 X 2, or 48. 

Similarly 3xx means x taken 3 times, and is read ^3 
times X*, or more usually ' three x\ meaning ' three x*s\ 

This symbol x is often abbreviated to a pointy or even 
omitted altogether, where it must be understood. Thus 
axb, a.b, and ab, all mean the same thing, viz. a times b. 
Similarly Sx will stand for '3 times x* ; 1y for '7 times y' ; 
and so on. 

Again, axbxc, a,b,c, and abc^ all mean the same thing; 
and 3jry means * 3 times the product of x and y\ 

Observe, then, that when no sign of operation is found 
between two letters standing together, or between a figure 
and a letter, as in ab, 3j:, the word Uimes' must be under^ 
stood between them^ as a times b, 3 times x. We may omit 
the word in reading Algebra^ but it is always to be under^ 
stood. Care must be taken by the learner not to confound 
Sx with 3 + x, that is, 3 times x with 3 plus x ; and so also in 
other like cases. There is the more need to be careful here, 
because in Common Arithmetic the case is precisely reversed. 
There the sign of Addition is constantly omitted and under- 
stood: for instance, 2^ stands for 2 + ^; 23 means 20 + 3: 
and so on. Hence although the Sign o/'31ttiliYl^caVA.on.^%?5 
be omitted between two letters^ ox a figure auaLaVeVXer*^*.^^ 
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obvious that it must never be omitted between two Arith- 
metical Numbers which are to be multiplied together: for 
instance 57 cannot be used conveniently to stand for 5x7, 
Also in such cases it is not well to use the abbreviated sign^ 
as 5 . 7> on account of its similarity to the decimal point : 
but between numerals^ which are to be multiplied together, 
the full sign x should always be used. 

5. Again, since we know that 3 x 4 is equal to 4 x 3, 

5x7 7x5, 

6x10 10x6, 

and so on, whatever numbers we take ; therefore we may 
say generally, that 

axb 18 equal to 6 x a, 
or ab is equal to ba, 

6. (Factors). Every quantity which enters as a mtiU 
tiplier to make up a product is called a factor of that pro- 
duct. Thus 5 and 7 are the factors of 35, because 5x7 
makes S5 ; 3 and x are the factors of 3a; a and b are the 

factors of ab; and so on. 

Observe, it must be either an actual product, as 35^ 
or the equivalent expression, as 5x7> which has factors: 
in other words, the existence of factors presupposes a mul^ 
tiplication either already eflPected, or to be effected. So that 
any quantity, which has not been, and cannot be, made or 
produced by multiplication ^ has no factor. Thus each of the 
quantities 7> 13, 17> has no factors, since there is no number 
except 1 which by multiplication will produce any of them. 
If, however, 1 be considered as a number, then the factors 
in each of these cases are respectively 1 and 7» 1 and 13, 
1 and 17* 

7. (Coefficients). In the quantity ab, or its equal ba, 
a is the co-factor of b, and b is the co-factor of a ; (just as 
we say, of two persons in partnership, that each is the co- 
partner of the other). But instead of 'co-factor' the word 
' coefficient* is generally used ; so that, in ab, a is called the 
coefficient of b, and b the coefficient of a. Thus, in 3j:, the co- 
efficient of X is 3, because 3 is the co-factor of j? to make 3x. 

Also, in 3;r^, 3 is the co-factor or coefficient of ay ; 3x 
js the col/aclor or coefficient of ^ ; 5^ is the co-factor or co- 
^^f?/i/ of or. 
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In 2a6c, 2ah is the coefficient of c; Qac is the coefficient 
of b ; 2bc is the coefficient of a; 2 is the coefficient of abc ; 
2a is the coefficient of 6c ; and so on. 

In a, the only factors being 1 and a, the co-factor or co- 
efficient of a is 1. 

In other words, the number of times a quantity is taken 
is the coefficient of that quantity. Taking the same examples, 
3a: is 3 times x, or S is the coefficient of x : 3xy is .S ^tme^ xy^ 
or 3 is the coefficient of a?y ; or it is 3x times y^ that is, 3x is 
the coefficient of y ; or it is 3y times j?, (since xy is equal to 
yx^ (Art. 5)*, that is, 3y is the coefficient of J?. In a, a is 
taken 1 time or once, and 1 is the coefficient of a. 

There is no impropriety in making use of such an ex- 
pression as 3a? times, or 2ab times, because each letter repre- 
sents a number. (Art. 1). Thus, in 3xy, if x stand for 10, 
3x would be 30, and 3x times y would be 30 y. 

8. (Division), -f- is read ' divided by\ or more shortly 
^ 6^', and signifies that the quantity which comes next after 
it is to be the divisor of that which goes before. Thus a-i-b 
(which is read a by b) signifies that a is to be divided by b. 
Thus 8 -T- 4 is equal to 2. But this symbol for division is not 

much used, because the fraction t? (which is also rea4 a 6v 6), 

means the same thing as a-r-b, and is found more conve- 

8 
nient : thus - is the same as 8 -f- 4, both being equal to 2. 

To make sure work of the preceding Definitions and re- 
marks, the Student, before he proceeds^ farther, should now 
try himself by such Exercises as the following : — 

EXERCISES. A. . . 

If a stand for iO, b for 3, and x for 7, what is the value 
of each of the following quantities t? 



(1) 


a-hb-hx. 




(7) 


7a-hQb- 2j?. 


(2) 


a-\-b — x. 




(8) 


5a — 46 — 4a:. 


(3) 


a — b + x. 




(9) 


2ab + 3x, 


(4) 


a — b-^x. 




(10) 


2a + 5 -S6a? + 100. 


(5) 


2a — J?. 




(") 


7ab — abx. 


(6) 


4fl + S6~ 


2a?. 


1 <y^^ 


Sa-v\ix — XX. 



• This is the usual way of referring the leadet to a ^TeV\o\» ^^"^''^^-Sc^* 
t The answers to all the Exercise* wiU be toxwcid «x x\i^ «q^ ^"t ^»» ^ 
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(IS) What 18 the coefficient of x in Sax} 

(14) WhsiVis the coefficient of X in 6abx} 

(15) What i8 the coefficient of bx in 6abx} 

(16) What is the coefficient of a in each of the quan- 
tities^ 2a, 2ab, abxy Sabx, ma, axx^ pax, abxy ? 

(17) What is the coefficient of 25 in 125 ? 

(18) What is the difference between 3 + or, and 3j?, 
when X stands for 7 ^ 

(19) What is the difference between Sa + x, and Sa — x, 
when a stands for 10^ and x for 6? 

(20) What is the difference between Sa + x, and Sax, 
when a stands for S, and op for 2 ? 

Find the value of each of the following quantities^ when 
a stands for 10, b for 3, and x for 7. 



(21) 


Sa* -7- 7. 


(22) 


Sax-i-'Jb, 


(23) 


Za + x 
b ' 


(24) 


Sb + 3x 
a 


(25) 


a — x 
■ 6 • 



(26) 

(27) 
(28) 

(29) 
(SO) 



Sa ^ abx 
b 21a 

5a + x 5b + a 



b ^x-Sb* 

Sx 4fbx 

40 + 2 10a -16' 

2a + 4ft a -26 
3a?— a — 6 x — b 

ma nb px 
b+x a-x a—b 



9. (Involution). If a quantity is multiplied by itself 
any number of times, the quantity is said to be involved, 
and the operation is called Involution. Here the following 
convenient abbreviations are used : — 

a X a we write a', which is called the 2nd power of a ; 

ay. a-x, a a', 3rd 

axaxaxa a*, 4th 

^nd 8o on; a, or a\ being called th^ 1st ^N»ct o^ a. 
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Also a' is called the square of a, and is read ^ a square' ; 

a' cube 'acube'; 

a* is read ' a to the 4th' ; a* is read ' a to the 5th' ; and so on. 

Observe, a is the same as a}, not a®. 

The small figures ^, 2, 3, *, &c. placed as above to the 
right of quantities are called their indices^ because they point 
out the power of the quantities. 

So, then, we have now an abbreviated form for both 
fl + fl, and ax a. The former is written 2a, the latter a*. 

If a stand for 4, 9.a is equal to 8, and a' is equal to 16. 
Also, it must be carefully remembered that 2a' does not 
mean the square of 2a, but twice the square of a. 

10. (Evolution).*' Evolution is exactly the reverse 
operation to Involution: It is the process by which we 
"evolve* or 'extract' the original quantity, called 'root\ by 
the Involution of which a proposed quantity is produced. 
For example, the ' square root * of any proposed quantity is 
that quantity which, being multiplied by itself, or squared, 
will produce the proposed quantity. Also the 'cube root' is 
that quantity which being cubed will produce the proposed 
quantity. Thus 3 is the square root of 9, because 3 squared, 
or 3 X 3, is equal to nine ; and 3 is the cube root of 27, be* 
cause 3 cubed, or 3 x 3 x 3, is equal to 27* 

Again, a is the square root of a', because a x a gives a*; 
also a is the cube root of a^, because axaxa gives a^. 

The abbreviations here are these : 

Instead of writing ' the square root of ' we write J/ , or J^ 

' the cube root of ^. 

The symbol J~^ is a corruption of the letter r, the first 
letter of the word ' root', and as the letter r is now often used 

in Algebra for other purposes, the more unlike J is made to 
its original form the better. 

For the square root J^i9 commonly used, not ^, which 
is more strictly correct. And it is read simply ' root', but 
meaning the square root. Thus Ja is read * root a*, mean- 
ing the square root of a. 

Again, just as a + a is wxitletv ^a, ^o J^-v JTi, ^^ ^:«^R» 
the square root of a, is written a J a, axw^ xea^ '^ Vw'^ft^ ^'=*'^'^ ' 
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Also Jab signifies * the square root of a times h* ; 

Ja+b ' the square root of a plus b\ that is of 

the sum of a and h ; and so on, the symbol J being extended 
m its upper limb to cover the whole quantity of which the 
root is to be taken. 

Hence, if a stand for l6, and h for 9, J a + 6 is equal to 
^25, or 5 ; and Jab is equal to JlH, ot 12. 

Also a/t means that 'the square root of the fraction 

r- 
7 ' is to be taken ; but ^ means that 'the square root of a 

is to be divided by h', 

EXERCISES. B. 

If a stand for 1, b for 9, and c for 8, find the values of 
each of the following quantities : 

(1) a« + 6«-c». 

(2) 13a» + 3ft"-4c*. 

(3) 5a6c - 226» + 8c'. 

(4) a«6 + &'c. 

(5) 12fl6=+20a'6-25c». 

^^^ 3c 26c • 
(8) wia'+n6*-pc'. 



(9) ^Jb-J^. 

(10) J^+J^. 

(11) a + Jb-Jab + 2j2bc. 

(12) J2c+b'-j2b-2a. 

(13) m^- + n^j-pj2^. 

(14) J^ + Jlb--2jc. 

(15) ^6 + c-a-Jsb - 2c- Sa. 

(16) J^+J^.^—^JF:^, 



(17) What is the difference between 3a, and a', when 
a stands for 2 ? 

(18) What is the difference between 2 ^, and 2 + ^, 
when a? is 100? 

(19) What is the difference between sjx, and Jx, 
when X is 64? 

(j^O) What is the difference between Ja + b^ and 
/^v-4 frAe/2 a stands for 1, and b for S^ 
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(21) What is the diflference between fj t» and ^ , 
when a stands for l6, and h for 4 ? 

11. The following are certain other symbols, or abbre* 
viations, in common use : — 

= stands for * is equal to\ and is read ' equals'. Thus 
2 + 4 = 6; a+a = b, is read * a plus x equals o*, and means 

that the sum of a and x is equal to b; 8-i-4 = 2j J25 = 5 ; 
and so on, 

> stands for 'is greater than'; thus a>b signifies that a 
is greater than b, 

< stands for ' is less than'; thus a<b signifies that a is 
less than b. 

•*. stands for therefore'; •/ for ^ since', or ^because', 

12. (Terms). Algebraical quantities are said to consist 
of one or more 'terms', according as they are composed of one 
or more parts separated by the signs + or — . Thus a is a 
quantity of one term : so also is each of the quantities 2 a, 
abj a'b, abc, and so on. Again, a + b is a, quantity of two 
terms : so also is a- b, and ab + ac, and a*b — abc, and so 
on. A quantity of three terms is of the form a + b-hc; &c. 

13. (Positive and Negative Quantities). Any 
quantity of one term preceded by the sign +, taken together 
with the sign, is called a positive quantity. Any quantity of 
one term preceded by the sign -, taken together with tlie 
sign, is called a negative quantity. And since + a is the same 
as a, (for it signifies a to be added to 0) all quantities of one 
term, without either + or — preceding, are positive quantities. 
Any quantity of more terms than one will be positive or 
negative according as the sum of the positiite terms taken 
together exceeds or falls short of the sum of the negative 
terms taken together. 

'This may be illustrated by the case of a person taking 
an account of what money he is worth. He first puts down 
hi a stock on hand, which may be represented by a, without 
sisn: then the amount of the sums due to. him from others^ 
which may be represented by 6, with a -V s\g,u \>e5QTt XX., 
because it is to be added to a. T\veaVv\% ^«S\.^ «tfe xs^X^^a 
sudlractedy and their amount may be te^xe^eoXfc^'^l " ^'* ^ 
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negative quantity ; so that the money which he is really worth 
will be represented by a + b — c. 

In a case like this a person easily distinguishes between 
positive and negatinc quantities; and if he finds that c is 
greater than a + ^, he has no difficulty in fully comprehend- 
ing the meaning of a negative quantity. 

N.B. Although there are many ^signs' in Algebra, as 
the preceding pages testify, yet when we speak simply of 
* the sign' of a quantity, we always mean either + or -, that 
is, simply to express whether the quantity is positive or 
negative. 

QUESTIONS. 

1. How do you define Algebra, and of what use is it? 

2. What do you mean by ' Quantity?' 

8. Why do we use letters to represent quantities in 
Algebra ? 

4. What do you mean by a + 5 ? Write it at full length 
in words. Does 2 + 5 mean that 2 is added to 5 ? 

5. What does 23 mean in Arithmetic ? What does ab 
mean in Algebra ? 

6. What is Sd an abridgment of? Which is greater 
3a, or 3a — b} 

7. If a stand for 1, b for 2, and c for S, would abc be 
equal to 123 ? If not, what is it equal to ? 

8. What does 5t mean in Arithmetic? What does a - 

"* c 

mean in Algebra ? 

9. According to the definition of +, what is the mean- 
ing of + a: standing thus alone ? 

10. Is the quantity, whose /actors are 6 and 7, the same 
as that whose factors are 7 and 6 ? What is the quantity ? 
Is ah a, factor of abc} What is understood between any two 
contiguous letters in abc ? 

11. What is signified by 06 — c? Write it in words, 

12. What is signified by 2ab + 3 ? Write it in words. 
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14. Like quantities are such as differ only in the numt" 
rical coefficients. Thus 4a, 11a, \0a, are like quantities; so 
also are 3ah, 6aby ah : so again are a'. So', 5a^; and so on. 

Unlike quantities are such as are either represented by 
different letters, or by different combinations of the same 
letters. Thus a, b, x are unlike quantities ; so also are 9.a^ 
3b y 4fX; so again are ab, a^b, a'b' ; and so on. 

Ex. 1. Group together like quantities, with their proper 
signs, from 5a — 36, 4a + 7b, and — 8a — 5b. 



Ans. 



+ 5a 
+ 4a 
-8a 



" ^" Here the quantities in each column 
+ 7b are like, but the two columns are 

— 5b ^^^^^^* 



Ex. 2. Group together like quantities, with their proper 
signs, from 

a' + Sa^'b + Sab* + 2a' + 26' + 5ab* - 8ac* - a'6 - b\ 
Ans. 



+ a» 


•^Sa^'b 


'\-Sab'' 


"Sai^ 


+ 26» 


+ 2a' 


- a'6 


+ Sab" 




- 6» 



Ex. 3. Group together like quantities, with their proper 
signs, from 2a''3b + 7bc + b^c - 5abc + 2xy -3a^+ 5b' + 7b'c - 
9a - 26* + 66 + 10a - 5x* - xt/ -h x^ + abc - 2bc + <f -b - Sc\ 



Ans. 



+ 2a 
- 9a 
+ 10a 



-36 


+ 7bc 


+ 6»c 


— 5abc 


+ 2a?y 


-Sa:" 


+ 56» 


+ 66 


-2bc 


+ 76'c 


+ a6c 


- xy 


-5x« 


-26» 


- 6 










+ a^ 





+ c- 
-3(^ 



15. 7V> acfef like quantities together, 

1st. When the quantities to be added together are pre- 
ceded by the same sign, either + or — , {bearing in mind that 
for such as have no sign + is to be understood (Art 13)} the 
addition is performed by taking the sum of all the numerical 
coefficients, with that sign, for the new coefficient, and an- 
nexing to the right hand of it the common letter or letters. 
Thus 5a and 4a added together make 9a ; for 5a means. 
5 times a, that is, a + a + a + a + a, and ^ xx\txx\% ^6 \Ame% a, 
that 13, a-i-a + a + a, therefore 5a added to Arfx \^ q)^«^^ <*. 
taken 9 times, or Qa. Again, - 26 means ^b to be subVracXea 
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and - 3b means 3b to be subtracted, therefore - 26 added to 
— 3b is Qb to be subtracted added to 3b to be subtracted, 
which is clearly 5b to be subtracted, that is, - 56. And the 
same reasoning will apply to ani/ like quantities. 

2nd. When the like quantities to be added together have 
difierent signSy some +, others — , the addition is performed 
by taking the difference between the sum of the positive, and 
the sum of the negative, coefficients, with the sign of the 
greater sum, for the new coefficient, and annexing the com- 
mon letter or letters. Thus if 5a, or + 5a, is to be added 
to - 2fl, this can only mean that we are to find the joint 
effect of adding 5a and subtracting 2a, which clearly leavesi 
3a to be added^ that is, + 3a. 

Again, to add together 3a, -ta, —5a, and 10a; here 
we have 13a positive, and 7a negative; therefore upon the 
whole we have 6a positive, that is, the sum of the quantities 
is + 6a, 

Also, to add together —3a, 2a, 5a, and — 10a : here we 
have 7a positive, and 13a negative, therefore upon the 
whole we have 6a negative^ that is, the sum of the quantities 
is —6a. 

The following additions are correctly performed for the 
learner's inspection:— 



2x 


3ab 


-5a 


- ab 


4fX 


5ab 


-6a 


-5ab 


Ix 


2ab 


-2a 


-3ab 


X 


ab 


— a 


-2ab 


Sum = 14ar 


llab 


-14a 


-llab 


4a 4» 


2xy 


3a' 


15ab' 


-7a 


"txy 


2a» 


- lab' 


5a 


-6x11 


-6a' 


- 4a6» 


— a 


- ^y 


la' 


9ab' 


a 


+ 5xy 


-4a» 


- 3ab' 


10a 


xy 


^5a' 


- ab' 


''6a 


- 3xy 



\Ojl' 


- lOab' 


Sum = 6a 


7a* 


-M 
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Srd. When quantities of two or more terms are to be added 
together, like terms may be added separately, and these 
sums, with their proper signs, placed in one line, will be the 
sum required. Thus if 2a + Sh is to be added to 3a + ^h, 
^a and 3a being added together make 5a ; and + 3b added 
to + 46 makes + 7^ ; so that the whole sum required is 
5a + 76- Or, if 3a — 46 is to be added to 2a + 3b, 2a and 
3a make 5a, - 46 and + 36 leaves — 6 ; so that the sum re- 
quired is 5a — 6. 

In. fact, since 2a + 36 means no more than that 36 is 
to be added to 2a, and 3a + ^ that 46 is to be added to 3a, 
when we say, add together 2a + 36, and 3a + 46, it is 
plainly the same as saying, add together 2a, 36, 3a, and 46. 

And, indeed, this is no more than is done in Arithmetic, 
when we add two or more sums of money together, we 
separate like terms from all and add them together, all the 
pence together, and all the shillings together, and all the 
pounds together. 

Ex. 1. Find the sum of 5a — 8b, and 4a — 76. 

5a -36 
4a -76 

Sum = .9a-106 

Here 5a added to 4a is 9a ; and 36 to be subtracted 
together with 76 to be subtracted is manifestly IO6 to be 
subtracted, that is, — 106. 

£x. 2. Find the sum of 5a - 36, and 4a + 76. 

5a - 36 
4a + 76 

Sum = 9a + 46 



Here 5a added to 4a is ga ; 76 to be added and 36 to 
be subtracted leaves 46 to be added, that is, + 46. 

Ex. 3. Find the sum of 5a - 36, 4a + 76, and - 8a - 56. 

5a -36 

4a + 76 

- 8a - 56 

Sum = a - 6 
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Here we have Qa positive, and 8a negative, which leaves 
la, or a, positive: then we have 7^ positive, and Sb nega- 
tive, which leaves lb, or 6, negative. 

Ex. 4. Find the sum of 3a* + 4fbc - e* + 10, - 5a' + 
6bc + 2e* - 15, and - 4a' - gbc - lOe" + 21. 

Grouping like quantities in order under each other, we 
have 

Sa* + 46c- e» + 10 

-5a' + 6bc-\' 2e'-15 

-4a*-9^c- 10e»+21 



Sum = - 6a' + 6c - 9e" + l6 



The first column of like quantities consists of 3a' posi- 
tive, and ga' negative, which leaves 6a* negative, or — 6a*, 
The second is lObc positive, and gbc negative, which leaves 
1 bcy or bcy positive, or + be. The next is 2e* positive, and 
lie* negative, which leaves Qe* negative, or -9^*. The last 
is 31 positive, and 15 negative, which leaves l6 positive, 
or +16. 

16. To add unlike quantities together. 

Strictly speaking this is impossible. All that is meant is, 
to combine the quantities together in a more convenient form- 
with the necessary algebraical signs. Thus, in this sense, 
the sum of a, —b, c^— d„ and e, is a — 6 + c - rf + e. The quan- 
tities are in no sense actually added together ; but they are 
so placed as to express algebraically the aggregate of them. 
For it must be borne in mind that a + 6 does not signify 
that b is added to a, but that it is to be added, when we 
know the numbers which a and b stand for. 

17* If the quantities to be added together consist of 
both like and unlike terms, the like terms must be added by 
the method of Art. 15, and the unlike affixed to that sum in 
the same line with their proper signs. 

It is immaterial in what order the quantities are set 
down in the sum, provided each has its proper sign. But 
it is usual to keep the order of the alphabet, unless there be 
some special reason for a different arrangement. 
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Ex. 1. Add together a+2b-Cy a 

Here a and a are like^ 

- 5e and +3e 

— c and + 2c 

the rest are unlike. 
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5e 4- 2c, and j: +^ + 8e. 
fl + 26~c 

3e + x + if 

^1 .1 — -,. — ■ ■ ■■■ fc ,1.1 

Sum =2a + 26 + c-2c + a?+^ 



Ex. 2. Add together 3a' -bc^ 2b' -ac, 4f(^-ab, and 



Here 3a' and a' are Kite, 

26' and + 6* 

4c' and — c' 

the rest are unlike. 



3a* - be 

2b' - ac 

4c' - ab 
a'+ 6«- c' 

Sum = 4a* + 36' + 3c' - ab-^ ac-bc 



Ex. 3. Add together xy - 1, a:' + 2, and y + 3. 

a' + 2 
y'^3 



Here the terms are all 
unlike, except -1, +2, and 
+ 3. 



Sum = a:* + j:y + ^* + 4 



]8. The rules above given for the Addition o^ like and 
unlike algebraical quantities are in no "wise different from 
those employed in Arilhmeiic^ For suppose we have to add 
together 3 hundreds, and 4 hundreds, we combine these 
like quantities by taking the sum of the coefficients 3 and 4, 
so as to make 7 hundreds. But if we have to add together 
3 hundreds, 5 tens, and 6 units, these, being unlike quantities, 
cannot be added in the same sense, but are merely collected 
together in one line, 3 hundreds + 5 tens + 6 units, which for 
convenience is written shortly S5G. 

EXERCISES. C. 



Add together 

(1) a + 6, and a + 6. 

(2) a + b, and a - 6. 

(3) a — by and a — b. 

(4) a — b + Cy and a-^b^c. 

(5) a-6 + c,and/i + 6 + c. 



(6) l-2m+3n, and 3m-2». 

•(7) 5»i + 3,and2m-4. 

(8) 3xy — 2x,BXx(}i3ct/ + 6x. 

(9) 4/1-29 + 1, and 7-3p. 
(10) 5ttb-^bc, «xv^a\>-vV>^* 
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(1 1) Smn + tn, and 1 - n — 7»in. 

(12) 2aa: + Shy, and ax — hy. 

(13) 3a -21) + 4c, and 2a-3b + c. 

(14) xy-\-x — Ty and Sxy — 2a? + 3. 

(15) p-k-q -pq, and Qpq -3p + 2q. 

(16) p' + 2pq-^q\ and p'-2pq + q'. 

(17) 7ab - 5ac + 1, and ab + 6flc - 2. 

(18) 7x-6y, -x-3y, —x-^y, ''2x + 3y, andorn 

(19) S-fl, -8-fl, 7o-l, -fl-l, and9 + a. 

(20) «-S6 + 3c-rf, and fl + 36 + 3(? + rf. 
(2J) 9x- 8^ - 7, and 3s--9x + 6y + 7* 

(22) a* + 2ab + 6*, and 2a* - aft - 36*. 

(23) 3j?' -ex +5, 2a: - 3 - a?', and 4 -op- 2x*. 

(24) ac-hbd, bd—cd, and ac-\-cd. 

(25) ax -by, a+y, snd ax-^x — by—y, 

(26) 0?' - 2flar" + a^x, a?' + 3ax^, and 2a' - ox" - a'a; 

(27) a«-3a5-|6*, 26«-|6« + c», a6-J6« + ^»«. 
2a6 - lb\ 

(28) i^c* + 2ar^, f of* — o:^ + ^*> and j?m? + ny. 

(29) ^y " 4iaxy - 2a"dP + 2ar*, and a^y + axy + a*a? - 

(30) ad + 26d - 3cd, ^ad - ^M, and ^ab + 2cd - a 
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19. To SUBTRACT^ or ^aAre away, one quantity fron 
ther. 

1st. If the quantities are like, and of the same 
that is, both positive, or both negative, their differs 
found by taking the difference of the numerical coeffii 
with that sign, for the new coefficient, and annexing t 
right hand the common letter or letters. For, suppose 
to be taken from 5a, since 5a = 3a-\' 2a, .*. 2a, which 
same as + 2a, taken from 5a, leaves 3a: 

Or, suppose — 2a is to be taken ftom — 5tt, «wc< 
— Sa—Sa, .\ ~2a taken from - 5a \eave« — Sa. 
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2nd. If the quantities are like, but of different signs^ that 
is^ one positive, and the other negative^ their difference is found 
by taking the sum of the numerical coefficients for the new 
coefficient, with the sign of the quantity from which the other 
is to be taken^ and annexing the common letter or letters. 

For suppose 2a is to be taken from — 5a, the result is 
obviously equal to —5a — 2a, which we know to be — 7o. 
Or, if — 2a is to be taken from 5a, since 5a — Ta — 2a, 
•*. —2a taken away from 5a leaves 7 a. 

3rd. If the quantities are unlike^ their difference cannot 
be found, but can only be expressed by writing the quan- 
tities in one line with the proper signs. Thus, if 6 is to be 
taken from a, this is expressed hy a — h. If - 6 is to be 
taken from a, since a^a + b — b, .: -b taken from a leaves 
a + b. 

Hence collecting together the several cases which can 
occur, 

2a, or + 2a taken from 5a, or -f 5a, leaves -f 3a, 

— 2a -5a, —3a, 

2a, or + 2a ... —5a, -la, 

-2a +5a, +7a, 

6, or + b a, or + o, -ha— b, 

— b a, or + a, +a+ b, 

and observing that the same reasoning will apply to any 
other quantities besides those here used, it appears that the 
following rule will embrace all : — 

Change the sign of the quantity to be subtracted, + into — , 
or — into +, as the case may be, and then add the quantities 
together by the rules for Addition. 

EXAMPLES. 

1. From 3a 2. From 7« 3. From a 

take a take Qa take a 

Diff. = 2a a 



4. From 3a 5. From 7a 

take —a take -6a 



Diff. = 4a 13o 




2 
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7, From —Sa 
take a 



8. From - 7a 
take 6a 



9. From —a 
take a 



Diff. = - 4a 



-13a 



-2a 



10. From -3a 
take — a 



11. From -7a 

■ 

take —6a 



12. From -a 
take —a 



Diff. = - 2a 



— a 







IS. 



From a + b 
take a — 6 



14. 



From a — 6 
take a + 6 



15. 



From y-^ax 
take y — ax 



Diff. = 26 



16« From 3a 
take a 



46 + 6c 
26 + 9c 



Diff. = 2a-26-Sc . 

18. From Qa-^Gab-^ ac + 5 
take 5a — 8a6 — 2ac - 1 



Diff. = - Sa + 2a6 + ac + 6 



20. From a' + 2a6-3c' 
take 2a'-5a6-7c" 



Diff. = - a* + 7a6 + 4c* 

22. From 8a' + j:*-56*-5c« 
take a;* + 26* -5c* 



Diff = 8a* - 76* 



24. From a + - 6 + 1 

2 

take :r a + 6 + - 
2 2 

Diffa«46 + 1 



-26 



2aj; 



17. From 7a -26 + 4c -2 
take 6a - 66 + 4c — 1 



a + 46 - 1 



19. From Sxy-x*- y'-^a 

take 2ii?^+j:'+2^*-6 

» 

o:^ - 2a?'-3^*+ a+ 6 

21. From 5^- a:y+ y 
take -x' + 4>xy + 3^* 

6j:* — 5xfj — 2^* 



23. From x*-3a:* + 6j?-10 
take j:'-4j:* + 8a:— 9 

x'-Qx- I 



25. From -a:* 
3 

take —-a:* 
3 



5 , 3*a 

1 1 , 

4'3^-2^ 



a?* — j?y + 2^* 
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20. Since a-h added to a + b makes 2a, and a-^b taken 
from a + b leaves 26, where a and b represent any two 
quantities whatever, we can already deduce this general 
statement, viz. That the difference of any two quantities 
added to their sum is equal to twice the greater, and the 
difference taken from the sum is equal to twice the smaller, 
quantity. Thus we are at once enabled to solve such ques- 
tions as the following : — 

Prob. 1. The sum of two numbers is 100, and their 
difference is 50, what are the numbers ? 

By our Rule, twice the greater number = 100 + 50 = 150, 

.'. the greater No. *= 75. 

And since the difference of the numbers is 50, 

.'. the lesser = 75 — 50 = 25. 

.*. the numbers required are 75 and 25 : which, upon trial, 
will answer, 

Prob. 2. The united ages of a man and his wife, make 
77 years, and one is 7 years older than the other; what is 
the age of each ? 

Twice the age of the older = 77 + 7 = 84,. by the rule, 

/. the age of the older is 42 years ; 

and .'. the age of the other = 42 — 7 = 35 years. 

Prob. S. Divide the fraction - into two parts, so that 
one shall exceed the other by - . 

4 

Here the sum of the two parts = -, 

and the difference = -, 

4 

lis 

.•, twice the greater part = - + - = ~ , by the rule, 

^ fv 4 

13 3 
.•. the greater part = - of - = - . 

Also, twice the smaller part = 5 - t = t> by the rule, 

.'. the smaller part = - of -• = -, 

S \ 

Hence the two parts required axe — , anA. -= % 
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EXERCISES. D. 

(1) From a take b — a, 

(2) From a-^b — c-d take a — b + c-d. 

(3) From Ga — b — c take a-b-\r2c. 

(4) From 8a + ar - 56 - 5c take dP + 26 - 5c. 

(5) From 3a? + 2^ - 5J8r take 2j: + 3^ + 42. 

(6) From Qax-hby — c take ax — by-k-c. 

(7) From 36c -aft + fl take 26c + aft -a. 

(8) From dry + ar* + y take a?^-a?*+^*. 

(9) From 2dry + Sjt' + 4y' take dry - 2jf* -y*. 

(10) From 2wi» + 5wi — S« take iw« + »i + n. 

(11) From —^xy-^mx—py take — 3ary — 2i»x— jjy. 

(12) From 5fl6c — 9.ab — 3ac take 2fl6c + a6 — flc + 1. 

(1 3) From a* - 6* + c* take a* - 26* - 2c*. 

(14) From 4adp - Sa* + 2** take ^ax - a* + 4jp*. 

(15) From 3fl*6 + 2a*c - 5c* take a^b •^a^c- 7c\ 
(IQ From 2ary + 3a-fl*6 + 5 take 2fl-fl*6 + 6. 

2 12 12 1 

(17) From -flar--a?y + - take -a« + -ay--. 

(18) From fl + 6-c take 2^~"o^-*g^« 
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21. To multiply one single term by another : — 

Ist. If the quantities be both positive, as 2a, and 36, 
their product, by Art. 4, is equal to 2a x 36. Now 2a x 36 
= 2xax3x6, and ax 3=^ 3 x a, (Art. 5), .'. the product re- 
quired = 2x3xax6e 6a6, since 2x3 = 6. 

2nd. If one of the quantities be negative^ or the product 

js required of 2a times — 36, or -2a times 36, in either case 

the' meaning can only be, that 3b \& \.o \>e subtracted Sla 
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times, and it is clear that this will differ from Sb to be 
added 2a times only in the sign of the product^ .*. the pro- 
duct is — Gab, 

3rd. If both quantities be negative, as — 2a and — 3b, 
— 3b is to be subtracted 2d times^ that is^ — Gab is to be sub~ 
traded ; but subtracting — Gab is the same as adding + Gab, 
(Art. 19), /, the product is +Gab, 

Heftce it appears^ that 

+ 3b multiplied by + 2a produces + Gab^ 

'-3b +2a -Gab, 

+ 36 —2a ....^.... —Gab, 

-3b -2a +Gab. 

And since the same reasoning will apply to any other 
quantities besides those here used^ the following rule will 
embrace all cases^ viz. 

Write the letters (of the single terms to be multiplied 
together) side by side, as factors of the required product : and 
multiply the numerical coefficients together for the new 
coefficient*, prefixing the sign -^ if the terms multiplied together 
have both one sign, and — , if they have different signs, 

Exs. 2xx5y^l0xy ; — 3x5a=— 15a; 7mx—n=-7fnn. 
2ab X Sac = Gaabc, or Ga^bc ; — Ja^y x isabc — — 2Sa^bcxy z 
2a X 36 X 4c = Gab x4iC = Gx4ix abc = 2^bc, 

22. To multiply a quantity consisting' of two or more 
terms by a single term. 

Let it be required to multiply a + 6 + c + &c., by m ; 
then a taken m times is ma, b taken m times is mb, c taken 
m times is mc, &c.> and the sum of these separate pro- 
ducts is 

9ita + m6 + fitc + &c«> which is the product required. 

For it is evident that the parts which make up the 
whole being separately taken m times, and added together, 
must produce the same as the whole quantity taken m times. 
Hence the rule in this case is. 

Multiply each term of the multiplicand separately accord- 
ing to the rule stated in Art, 21, and the sum of these sepa^ 
rate products is the product required, 

• The learner must bear in imnd that'mc^ct^ oaafe'^Vw^^^sj^s^^ 
appears toiihaui a numerical cbeflELcient, the widfiLC\«CL\. \ Ssk xsa^^wMsoo..— 

See Art 7, 
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Ex. 1. a + b — c multiplied by 2 = 2a + 2b - 2c. 

Ex.2, a-6 + c -2 = -2a + 26 -2c. 

Ex. S. a-b + c d = ad-bd-^cd. 

Ex. 4. a-b + c —d = — ad + bd--cd. 

Ex. 5. ax + by c = acx + bey, 

Ex. 6. flx + fty - C2 2p = 2aj)x+26;?y-2cp2r. 

Ex. 7. 9,a + Sb- AsC 9.x = 4>ax + 6bx - Sex. 

Ex. 8. ax + by aa? = aV + a6xy. 

Ex. 9« ax + by — by = — afeary — b^y*, 

Ex. 10. 7^-4y + 6 Sx = 9\a^-\9xy+lSx. 

Ex.11. 6a?'-13«+l 5 = 30jr'-65a?+5. 

Ex. 12. jr — pj? + g jpo? = pa?^ —p^a^ + pgo:. 

23. To multiply one quantity by another, when both con-^ 
sist of two or more terms. 

Let it be required to multiply a + b hy c + d; this means 
that a + b is to be taken c + d times^ that is^ c times and d 
times. Now a + 6 taken c times produces, by rule of Art, 
22^ ac + bc; and a + 6 taken d times produces^ by the same 
rule, ad + bd; .•. a + b taken c times and d times, that is, 
c-¥d times, produces ac-^bc + ad + bd, which is the product 
required. 

Or, if the quantities be a + i^, and c — d, a-^b multiplied 
hy c — d means that a + 6 is to be taken d times less than c 
times. Now a + b taken c times produces ac + bc ; but this 
is too much by c/ times a + 6, that is, by ad + bd; .*. ad+bd 
is to be subtracted from ac + be. Hence the product re- 
quired is ac-hbc — ad— bd, following the rule of subtraction 
in Art. I9. 

Or, if the quantities be a — 6, and c — rf, the product of 
these is, as in the last case, c times a — b wanting d times 
a — 6, that is, arf— bd subtracted from ac — be, which leaves 
ac — bc- ad + bd, (changing the signs in the quantity to be 
subtracted, according to rule). 

Hence it appears, that 

a-^-b multiplied by c + d produces ac + bc + ad + bd, 

a + b c — d ac + be " ad — bd, 

a — d c — d ac — 6c - a(£ + 6(/^ 

'herefore, the rule in this case is. 
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Multiply each term of the multiplicand hy each term of 
the multiplier y according to the rule for single termSy and the 
SUM of these separate products will be the product required. 

When either multiplicand^ or multiplier, or both^ con- 
sist of more than two terms^ the rule is not altered, as may 
easily be seen. 

Ex. 1. Ex. 2. 

Mult. j? + l Mult 21, or 20 + 1 

by jr + 2 by 19, or 20-1 



Prod', by x = x*-^x 189 400 + 20 

... by+2= +2j? + 2 21 -20-1 

Whole prod*. = x* + 3x + 2 399 or 400 - 1 



Ex. 3. Ex. 4w 

Mult 2 + « Mult a + 6 

by S-b by a-\-b 



Prod'.by 3==6+3a Prod'.by a==a'-^ab 

... by — i =s ^2b -ab ... by + 6 =s + aft + i^' 



Whole prod'. = 6 + 3a - 2ft - aft Whole prod'. = a' + 2aft + b* 

Ex. 5. Ex. 6. 

Mult a-ft Mult. J? -2^ 

by a- ft hj ^x + Sy 

Prod*, by a^a^-ab Prod', by 9.x = 2d:' - 4xy 

... by-ft= -aft + ft' ... by + 3^= -k-^xy-Qtf 

Whole prod'. = a* - 2aft + ft' Whole prod'. = 2ar' -xy ^ Gy' 

Ex.7. 
Mult 2a + Sft - 4>c 
by a + ft — c 



Prod', by a=^ 2a* + Sab - 4ac 
... by + ft = + 2aft + 3ft' - 4ftc 
... by - c = - 2ac - 3bc + 4c" 



Whole prodK = 2a' + Bab - 6ac -V ZV -ll>c ^ '^^ 



24 MULTIPLIGATION. 

24. To multiply powers of the same quantity together. 

It is easy to see that powers of the same quantity are 
multiplied together by adding the indices of the powers 
together. Thus a* xa^=^ a* ; for a* = aa (Art. 9)> and a' = 
aaa, .*• a* x a^ = aax aaa = aaaaa, or a*. 

In the same manner it may be shewn that a* x a'" = a^^ ; 
and so on for other powers, always taking the sum of the 
indices. To prove this generally, viz. that 

a"^ X a'' = a****, whatever numbers m and n may stand 
for, we have by Definition (Art. 9)> 

a'^^a.a.a. &c. to m factors, 

and a^ = a.a.a. &c. to n factors, 

.-. a"^ X a"* = a.a.a. &c. to m factors x a ,a, &c. to n factors^ 

^a.a.a. &c; to m + n factors, 

= a"**", by Definition. 

Cor. The reasoning and the rule are the same, if for « 
we write a + h, or a + 6 + c, or any other quantity ; that is, 
the powers of such quantities are multiplied together by 
adding the indices of the powers together. Thus the 2nd 
power of a + 6 multiplied by the 3rd power of the same 
quantity will produce the 5th power of that quantity. 

Ex. 1. 2ar* x 3 x' = 2 x 3 x a? V = 6^?". 

Ex. 2. tax X 2axy = 7 x 2 x aaxxy =■ 1 iiC^a^y, 

Ex. 3. Ba^hc x ahc = 5a^abbc = Sa^b'c. 

Ex. 4. 3J?y5* X 4ryz = 3 x A^xy^f^z = i^xYz"". 

Ex. 5. mii«'y x^py=s — mnpa/^yy = - mnpj^y^. 

Ex. 6. — 4tab^cx x - 2aca^y = Saab'ccxx^y = Sa^b'c^x^y, 

Ex. 7. 20*" X 3a* = 2 X 3 xa"'rt' = 6a"^. 

Ex. 8. aa?" x 6j:" = abx'^af* = aboT*^, 

Ex. 9. aa:" x 6j:" x ca^ = abca^x^'x^ = a^car*****'. 

Ex. 10. 2aa?x-36^x-aVy=2x-3x-lxa*ijry=6a*6j:'/. 

£X£RCIS£S. E. 
Multiply 

(1) aa:^ by 6. (4) ax + 6a?* by p. 

(^ 3mn by -p. (5) arf + 9hd by 2a. 

^ m + n —p by 3. \ (JBT) 4a* -^axy \i^ ax. 



DIVISION, 



25 



Multiply 

(7) 3x - 2a?y + 6 by - ay. 

(8) 1 - Qax + Sbx* by - Sn, 

(9) 2a6 - Sac + 5bd by - 2x. 



(10) 

(10 
(12) 



2x^-3 by 7j?. 
ax+bi/-cz by 2jryz. 
Sa'-ix + c^ by 6^. 



(IS) 


« + a? by b + 1/. 


(19) 


ax + bif by 9.x -y. 


(14) 


6« + 4 by «-l. 


(20) 


a + 2x by a — 3x. 


(15) 


J? - 4 by a: + 3. 


(21) 


7a? - 1 by 5jr - 4. 


(16) 


2a?- 5 by 3jr-2. 


(22) 


2aj?-S6^ by 4^-3j?. 


(17) 


l-^p by a?+ 1. 


(23) 


1 - 2mn by 2m + n. 


(18) 


1 - ;» by x- 2a?*. 


(24) 


a* -be by ac-b'. 



(25) 1 + 2a? + 3^ by 0? -^. 

(26) a + x—y by i-^. 

(27) ac-bc + ad by 2o — 6. 

(28) a' + a' + a + 1 by a - 1. 

(29) u' + ao?* + a'<a? + fl' by a? -a. 

(30) 4a?" - 6ay + 9 by 2a? + 3. 

(31) 4 + 2a? + x* by 4-2a? + a?'. 

(32) a»-2a?' by a»-a?*. 

(33) 0?* + 3a?' + 90? + 27 by x-S. 

(34) 2a V + 36'^ by 2fl*a?» - Sb'y. 

(35) 2a* - 3ab + b' by 2a» + 3a6 - 6». 



DIVISION. 

The words Dividend, Divisor, and Quotient, have the 
same meaning here as in Common Arithmetic. 

To divide one quantity by another is to find how often 
the latter is contained in the former, that is, the Quotient : 
and it follows from the nature of Division tlvat \.\v& Qsjuolxe^n^ 
is always that quantity which being xavxlLtV^Y^^Vj ^^ ^>^ 
pf'sor wUl produce the Dividend, 



26 DmsioN. 

25. To divide one single term hy another. 

Since Quotient x Divisor = Dividend, it is clear that, if 
we can form the Dividend into two factors, one of which is 
the same as the Divisor, the other factor is the Quotient* 
Thus, if it be required to divide 3 a? by a:, since the co-factor 
of X in 3x is 3, 3 is the quotient. Or if it be required to 
divide So: by 3, a? is the co-f actor of 3 in 3« ; therefore j: 
is the quotient in this case. 

Hence, when one single term contains another exactly, 
to divide one by the other the rule is. 

Split the dividend into two factors, making the divisor one 
of them, and the other factor is the quotient. 

Ex. 1. To divide 6abc by 2ab. 

Here 6abc = ^ab x Sc, therefore by the rule Sc is the 
Quotient, 

Ex. 2. To divide lOary by 2y. 

Here lOxy = 2y x 5a?, therefore 5x is the Quotient, 

Ex. 3. To divide — Taxy by Tax, 

Here —taxy = 7fla? x — ^, therefore —y is the Quotient. 

Ex. 4. To divide 6mnpr by — mpr. 

Here Gmnpr = — Tw^^r x — 6n, therefore — 6n is the Qtf o- 

Ex. 5. To divide - 14fl'6c by ~2a6. 

Here - lisa'bc = — 2ab x 7ac, therefore 7ac is the Quo- 
tient, 

Ex. 6, To divide - 8fl*6V by 4>abc, 

Here - 8a'6 V = 4a6c x - 2a6 V, therefore - 2fli V is the 
Quotient, 

Ex. 7. To divide 5a'*6V by a«i^c*. 

Here 5a'6 V = a'^bc'' x 5a'6 V, therefore 5a'6 V is the Q«o- 

Ex. 8. To divide 21mn*p by ^mnp. 

Here 21mn^p = ^mnpxl4>n*, therefore 14r«' is the Q«a- 

Observe^ any example may be stated differently, and 
perhaps with more clearness, in lYie ioWomw^ xaaxvtLet* 
^^^ -Ear. 1 above. 
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How many times does 6abc contain 2ab ? 

Here 6abc = 3cx Zah, that is, Sc times 2ab, (Art. 4), there- 
fore 3c is the number of times required, or the Quotient. 

26. To divide a quantity consisting of two or more terms 
by a single term. 

Since a + b + c+ &c. multiplied by m produces 

ma -^ mb -^ mc -¥- &c. (Art. 22), 

.'. ma + »i6 + «ic + &c., divided by w, gives « + 6 + c + &c., 

that is, ma -T- m '\- mb -- m ■\- mc -T- m -^ &c. Hence the rule 
in this case is. 

Divide each term ojihe dividend separately by the divisor 
according to' the rule %n the preceding Article, and the sum of 
Ihe several quotients is the quotient required, 

Ex. 1. To divide ab + 2ac — Sad by a. 

Here ab-^a^b^ +2ac -^ a = -^ ^c, -Sad-i-a^-Sd, there- 
fore the whole quantity divided by a is 6 + 2c - Srf, or 
^ + 2c — S(i is the Quotient required. 

Ex. 2. To divide mx+na^—pxy by x. 
Here ma-T-x = m, + nx^ — x = + nx, — pxy -j- x = — py^ 
Jierefore the whole quantity divided by j? is m + «a: — py, 
ox m + nx^py is the Quotient required. 

Ex. S. To divide 4a V - 6a%x + ^aa^ by 9.ax, 
Here 4flV-T-2ajr=2aa:, -6a'bx-7-^ax=-3ab, +2ax'-7-2aa:=+ar', 
.'. Qax — Sab-^x* is the Quotient required, 

27* jTo divide one quantity by another when the Divisor 
onsists of two or more terms, 

1st. Arrange the terms of both divisor and dividend 
ccording to the powers of some one letter, Hf this be not 
Iready done) that is, beginning with the highest power 
nd going regularly down to the lowest, or vice versd, (it 
latters not which, only it must be the same in both divisor 
ad dividend). 

2nd. Find how often the first term of the divisor is 
3ntained in the first term of the dividend^ b^ tba T\3ift. €qr. 
ngle terms. Art 25, and put this qjaoXienX. ^ot ^ •90.TI q^*^^ 
lotient required. 
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3rd. Multiply the whole divisor by this quotient, and 
place the product immediately under^ and subtract it from^ 
the dividend. 

4th. Taking the remainder thus found as a new divi^ 
dend, repeat the operation, again and again, until either 
remains, or some quantity less than the divisor. The sum 
of the several quotients thus found will be the quotient 
required. 

In every respect this rule is the same as that for Long 
Division in Arithmetic, and grounded upon the same reasons. 
Thus to divide three hundred and eighty four by thirty- 
two, we first arrange divisor and dividend according to 
powers of 10, beginning with the highest — the divisor being 
written 32, which means 3x10 + 2, and the dividend 384, 
which means 3xlO* + 8xlO + 4. Then we see how often 
the first term of the divisor, 3x10, or 30, is contained in 
the first term of the dividend, 3x10', or 300, which is 10 
times ; we therefore put 10 as a part of the quotient. Then 
10 times 32, or 320, subtracted from 384, leaves for first 
remainder 64. Using 64 for a new dividend, 32 is contained 
in it 2 times exactly, leaving no remainder. Hence the 
whole quotient is 10 + 2, or 12. 

Ex. 1. To divide ac + be + ad + bd by a + 6. 

Here the divisor and dividend arranged according to 
powers of a are a + b, and ac + ad + bc + bd. The suc- 
ceeding operation according to the rule is represented as 
follows : 

a + b ) ac + ad + be + bd (^c + rf 

ac-\- be 



+ ad + bd 
+ ad + bd 







.'. c + d is the Quotient required. 

In this Example we first seek how often a is contained 

in ac which is c times, and we put c as a part of the qu(h 

iient to the right hand : then multiply the divisor, a + b, by 

<; which produces ac + bc; then subltacl lYas -^xoduet. from 

^e dividend^ wbidh leaves the remamd^t -vad-vhd. N^^ 
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proceed with this remainder as a new dividend, and repeat 
the same operation^ by which we obtain + d for another part 
of the quotient^ with no remainder. Hence c + cf is the 
whole quotient. 

Ex. 2. Divide <i* + 6* - 2ab by a-b. 

Here the divisor and dividend arranged according to 
powers of a are a - 6 and a* - 2ab + b\ Then we proceed 
thus: 

a-b ) a' - 2a5 + i* (^ a - 6, the Quotient. 

a* — ab 



--ab + b* 



1st we seek how oflen a is contained in a\ which gives 
a, the 1st term of the quotient ; a — b multiplied by a gives 
a* — abi this subtracted from a* - 2a 6 + 6* leaves — aft + b\ 
Then we repeat the same process with —ab + b* for a 
dividend ; we seek how often a is contained in — ab, which 
gives — b, the second term of the quotient : a — b multiplied 
by — 6 gives — aft + ft*, which subtracted from the new 
dividend^ leaves 0. Hence a -ft is the whole Quotient 
required. 

Ex. S. Divide 2a' + Sft' + 4c' + 5ab - 6ac - Jbc by 
II + ft - c. 

Here arranging according to powers of a, 

a + b-c) 2a* + 5id> - 6ac + 3b^ - 7ftc + 4c* (^2a + 3ft - 4c 

2a*+2aft-2ac 



+ 3ab- 
-hSab 


'4>ac-{- 3b* 

+ sft*. 


-7ftc + 
-3bc 


4c* 


« 
• 


- 4ac — 4ftc + 4c* 

- 4ac — 4ftc + 4c* 














.*. ^/jf + 56 - 4c is tbe QuoXiectX x^o^^^ 
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Ex. 4. Divide 64 - a* by 2 - a. 
2-a^ 64-a** (^ 32 + l6a + 8a« + 4a» + 2a* + a* 
64 - 32a 



32a- 
32a- 


■a' 
l6a« 












l6a*- 


■a* 
■8a' 








8ffl"- 
8a*- 


-a' 








4a*- 


-2a' 








2a'- 
2a'- 


a" 










.'. 32 + l6a + 8a* + 4a' + 2a* + a* is the Quotient required. 



Divide 
(1) 7* by 7. 
^x by X. 
Tax by a. 
7aj; by 'Jx, 
Sabx by a 6. 
3a6c by 3bc, 
— aory by x. 



(2) 
(3) 
(4) 

(5) 
(6) 
(7) 
(8) 
(9) 



aary by — x. 
6a^mn by — 2mna 

(19) a;* + Sa? + 2 by a? + 2. 

(20) ac — bc + ad-hd by a — J. 
^^7^ 6 -h 3a -2b -ah by 2 + a. 

r;^^>> ^*- I5a^ - 4aa? by 2a + 3« 



EXERCISES. F. 

(10) 14a'a:y by 7a*y. 

(11) — 7fnn^px by ^wiwp. 

(12) — f afto?*^ by — |axy. 

(13) Sac-^ahdhya, 

(14) 4ac - 2aM by 2a. 

(15) 8a:' - 6xy by - 2ar. 

(16) Sbc + 24a6c*-.66V by 36c. 

(17) 4a V - 8a6« - 2aa? by~2a4P. 

(1 8) a^x* - 5aba^ + 6ax* by ax\ 
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(23) 2fl* + fl - 6 by 2a - S. 

(24) 2ab + 6abc - Sabcd by 1 + 3c - 4crf. 

(25) 3j?*+16j?-35 by jr + 7. 

(26) Sa:* + l^a^ + 9j? + 2 by a?* + 5jr + 1. 

(27) a6 + 2a*-S6*-46c-ac-c* by 2a + 3i + c. 

(28) 1 5a* + 1 Oa^x + 4a*a:* + 6a j?* - 3x* by 3a* - a:* + 2a jr. 

(29) gp' + Sp Y - 2p5" ^ 2g* by p - g. 

(SO) aV+a'-2a6a:'+6V+a'i*^2a*6 by aa:-6x+a'- aft. 

(31) S2j?* + 243 by 2jr + 3. 



GREATEST COMMON MEASURE. 

28. Dbp. That which will divide a quantity without 
a remainder is called a "measure" of that quantity. Con- 
sequently that which will divide each of two or more quan- 
tities is. called the " Common Measure" of those quantities, 
being a measure common to them all; and the Greatest 
Common Divisor is therefore the " Greatest Common Mea^ 
sur€\ In fact, measure is only another word for divisor^ 
restricting the latter word to such quantities only as wiU 
divide without remainder. 

Thus 5 is a measure of 15, because it will divide 15 
without remainder : it is also a measure of 25 for the same 
reason; therefore 5 is a common measure of 15 and 25. 
Similarly 2 is a common measure of 8 and 12 ; so also is 4 : 
and 4 is greater than 2. Therefore, as there is no other 
common measure of 8 and 12^ except 2 and 4, their Greatest 
Common Measure is 4. 

Again, since 2a is divisible by a without remainder, and 
so also is 3a, a is a common measure of 2a and 3a ; and as 
there is no other common measure, it is therefore the Great-- 
est Common Measure of 2a and 3a. 

It is evident, then, that a measure of any quantity must 
be a factor of that quantity ; so that if we can split up a 
quantity into all the simple factors by which it is \SL«.dft 'w^^ 
we can then see before us all the measures o^ ^-aX. ocf^^s^c^.-^ -^ 
and by doing the same with axvotYier c\a>«vXAV3>^^ ^«cv ^ 
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GREATEST COMMON MEASUBE. 



once say which measures are common to both. Either the 
greatest factor, or greatest product of two or more factors, 
common to both, will be the " Greatest Common Measure" of 
the two quantities. 

29. To split up any number into its component /actor*, 
we try all the numbers ^, 3, 4f, 5, 6, &c. in order as divisors, 
to see if they are measures, and repeat each of them, which 
we find to measure, as long as it remains a measure of the 
quotient so obtained: thus takihg the number 189> we write 
our operation as follows : (2 will not divide it, but 3 will, 
so we begin with 3,) 



Now take 224, 2 



3 


189 


3. 


63 


3 


21 


7 


7 




1 


2 


224 


2 


112 


2 


56 


2 


28 


2 


14 


7 


7 




1 



7 .'. 189 = 3x3x3x7. 



A 224 = 2x2x2x2x2x7. 



In the first case, 189 not being divisible by 2, we began 
with 3, and repeated it until we could no longer divide 
without remainder; then we passed over 4, 5, o, because 
none of them would divide without remainder. 

In the second case, 224 was divisible by 2 five times 
successively, but then only by 7- 

Hence, the measures of 189 ^^^ 3, 3, 3, and 7. 

224 ... 2, 2, 2, 2, 2, and 7; of 

which 7 only is common to both ; therefore 7 is a common 
measure, and also the greatest common measure of 189 ond 



GREATEST COMMON MEASURE. 

Ex. To find the a. c. m.* of 385 and 396. 
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5 


385 




2 


7 


77 




2 


11 


11 


.'. 385=5x7x11. 

• 


3 




1 


3 



396 


198 


99 
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11 .-. 396=2x2x3x3x11 



And since 1 1 is the only factor common to both^ there-i 
fore 11 is the o.c.m. of 385 and 396. 

For the usual method t>f finding the o.c.m. of two or 
more numbers, see any treatise on Arithmetic, or Wood's 
Algebra^ Art. 19. 

30. To split up an Algebraical quantity into its com<ri 
]bonent simple factors, can only be learnt by practice : but 
for quantities of & single term die method is obvious enough. 
Thus 2€^b<^=^2xaabcc, 4fa*b'c=2xQxaaabbc; and so on: 
in which form we see aU the factors of the proposed quan- 
tities. Then> supposing the 0.4;. m. of %a*bc*, and ^Vc, to be 
required, we see that it is the product of the common fac- 
tors, 2ya,a,b,c, or 2a*bc. 

Again, to find the g.cm. of 3aV^, and 6a*bx; here 

3a^j*'y = 3 X aaaaxxxxxy, 

6a*bx = 2 X 3 X aabx, 

in which the factors common to both are 3, a, a, x, and no 
other factor; 

•'. O.C.M. = 3xaa« = 3a'x. 

After much practice the Student will abridge the ope« 
ration in most cases, and it will become more and more a 
matter of eye^sight. 

• To find »the q.c.m. of quantities consistinff of two or 
more terms is not needed for the present work, and had 
better be deferred until the Student is able to take up the 
larger work of Dr. Wood t with effect. 

*Br^.c, M, IB meant ^greatest comTnon mesAxa^^ V«Sasfe^««^«^ 
/ WooB *a Algebra^ 13tE Edition, by Lu »i>, Vi»* W- \i«i»«*^ 
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LEAST, COMMON MULTIPLE. 

31. Def. a multiple of a quantity is that which con- 
tains the quantity some number of times exactly^ that is, 
which is divisible by it without remainder. Consequently 
that which each of two or more quantities will divide with- 
out remainder is a common multiple of those quantities ; and 
t^e least quantity which will do this, is the ''Least Common 
Multiple". 

Thus 15 is a multiple of 5, because it contains 5 three 
times exactly : 15 is also a multiple of 3, because it contains 
9 five times exactly; therefore 15 is a Common Multiple of 
5 and 3. Similarly 30 is a Common Multiple of the same 
Bumbears 5 and 3; so also is 45. But 15 is the least of 
3uch numbers, therefore it is the " Least Common Multiple" 
(l.g.m.) of 5 and 3, 

Again^ ^ab is a multiple of a, because it contains a exactly 
2i times ; it is also a multiple of 6, because it contains b 
exactly 2a times ; therefore 2a6 is a common multiple of a 
and 6, but it is not the Least Common Multiple^ since abl 
which is also a common multiple of a and b, is uss than 2ab, 

It is plain^ then, that a multiple of any quantity must 
have that quantity for one of its factors; and a common 
multiple of two or miore quantities must have each of the 
quantities as a factor, so that the product of any number of 
quantities is always a common multiple of them all^ but not 
always the Least Common Multiple* Thus of 2, 4, 6, the 
product of 2x4x6, or 48^ is a common multiple^ but the 
Least Common Multiple is 12. 

32. Hence to find the l.c.m. of two or more quantities,' 
split each quantity up into its simple /ac/or^, and construct a 
quantity which shall contain every different fsictor found in all 
the proposed quantities, but no factor repeated which is not 
similarly repeated in some one of them. It is obvious then 
that this new quantity so constructed is a multiple of each 
of the proposed quantities, and also the least quantity which 
contains all of them, that is, the Least Common Multiple 
of them all. 

Ex. 1. Thus, if the L.C.M. of 3, 10, and 6 be required. 

J8t 3=3x1, 10=2x5, 6 = 2x3, 

re/bre the different factors are 3, 1, ^, 5, «iA no ^«£Xat \& 
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repeated, that is, occurs more than once, in any one of the 
proposed numbers^ 

.*. the L.C.M* required = 8xlx2x5=s3(X 

Ex. 2. T» find the l.c.m. of 8, 16, 10, and 20. 

* Here 8=2x2x8, 16=2x2x2x2, 10=2x5, 20=2x2x5, 
the different fiftctors are 2, and 5, and 2 is repeated 4 timeff 
in one of the proposed numbers ; 

/. the L.CM. = 2x2x2x2x5 = 80. 

Ex. 3. To find the l.c.m. of 2a, Gab, and Sab, 

Here 2a=2xfl, 6afr=2xSxa6, 8fl6=2x2x2xa5, 

die dtfftrenL factors are 2, 5, a, and 6, and 2 is repeated 
^ times In one of the quantities, 

.'. the L.c.M. = 2x2x2x3xfl6 = 24a6. 

Ex. 4. To find the l.c.m. of 80^, 12a', and 20a\ 

Here 8a^=2x2x2xffa, 12a'^x2xdaaa, 20a^=2x2x5a£raa, 

the different factors are 2, 3, 5, and a ; 2 is repeated 3 times, 
and a four times ; 

.'. L.C.M. = 2x2x2 xSx5«aaa = 120a*. 

The method of findmg the l. c. m. of quantities consisting 
of two. or more terms is usually given in treatises on Algebra, 
but it lis not suited to the scheme of this work, and is 
therefore omitted. What we have here introduced is simply 
with a view to enable the student rightly to understand the 
next chapter on Fractions. 



EXERCISES. G. 

Fmd the a. cm. of 

(1) 128, and 84. 

(2) 125, and 9OO. 

(3) 80, 100, and 140. 

(4) ax, and bx, 

(5) 6x*, and 5V. 

(6) i^»^, and a'px, 
(7) Sa'dx, and 20abxff. 



(8) 

(9) 

(10) 

(11) 
(12) 

lCl3>) 



15a«i^*, and 3a'b\ 
9a*bV, and 27a'6 V. 
I4m'«p*, and 7mnp. 
abxtf, and Zacxy. 

-a*, and -ab. 
o 5 
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Find the l.c.h. of 




• 


(IS) 21, and 24. 


(21) 


ax, and bx. 


(16) 12, 16, and 20. 


(22) 


ax, and 2ary. 


(17) 4, 7, 8, and 14. 


(28) 


2d?> 6j?^ and 8x. 


(18) 4, 7, 14, 21, and 24. 


(24) 


ab, ac, and 6c. 


(19) 1, 2, S, 4, 5, 6, 7, 8, 9- 


(25) 


4?*, 1^, and 2ary. 


(20) 21, 22, 23, and 24. 


(26) 


M> c*!;?, ciP, and 5c. 



FRACTIONS. 

Algebraic Fractions are precisely the same in character 

and signification as Fractions in Arithmetic. Thus r signifies 

that the unit or whole is divided into b equal parts> and a of 
them are taken> a being the Numerator and b the Denomina" 
tor, where a and b are any quantities^ that is^ general num- 
bers. 

33. To shew that t- is equal to the b^^ part of a. 

The meaning of j- > according to the definition of a ' frac- 
tion'^ is that the unit is divided into b equal parts^ and a of 
them are taken to make the quantity represented by ?• 
Now when the unit is thus divided^ it is clear that each 
part is the 6^ part of the unit; and t is ^ such «part8^ 

that is, a times the b^ part of 1 ; but the b^ part of 1, re- 
peated a times is clearly the same as the b^ part of 1 + 1 +1 
+ &c« to a terms (Art. 26)^ and 1 + 1 + &c. to a terms is a, 

therefore -r is equal to the b^ part of a. 

34. If the numerator and denominator qf a fraction be 
both multiplied by the same quantity, the value qf the fraction 
is not altered. 



a Sa Sa 



na 



aa 



^*"V=iJ = iA**^-;S- ^oT-r«vt£o:v«Le*Vii^XXba 



nh 



*b 
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unit is divided into ^ ec|ual parts^ and 2a of them are 
taken. Now when the unit is divided into 2b equal parts, 
it is clear that each part is only half as great as when 
the unit was divided into b equal parts ; and therefore a 
of the latter parts are together equal to 2a o£ the former, 
that is 

a _ 2a 

By similar reasoning it will appear, that t <^ ^ - ~tj where 

•t/T 1 

n stands for any number whatever, each part in -? being -th 

of each part in r > but n times as many being taken of the 
former parts as of the latter, which preserves the equality. 

35, Hence also, since "t—t, if the numerator and 

denominaior of a fraction be both divided by the same quantity^ 
the YALUE (tf the fraction is not qltered. 



Ex. 1. T^ 



^x. 2. 



a 
b~ 


axe 


ac 


a 
b" 


axdf 
bxdf 


adf 
~hdf 



Ex.- 3. 



Ex.4. 



Ex.5. 



Ex. 6. 



a — x^2a — 2x 



a — df a'-^ax 



Ex. 7. S6a = 



S6a 252a 



X ax 

\-x ^ y-xy 
1 + « y -^xy* 

3a-b 3ab-b' 



2a - 3b 2ab - 36* 



Ex.8. 
Ex.9* 
Ex. 10. 
Ex. 11. 
Ex. 12. 



ax- x* a — x 



2ax 2a 

2ax — 2 J* _a — x 
2ax ~ a 

a* + ab ^a + b. 
a'-^ab^ a^b^ 

2a'b'-3ab' _ 2a''3b 

lobe "* ^c ' 

ax-2aa^ 1 — 2j? 
3ax "^ 3 



By the last rule fractions are '^reduced to lower terms", 
when they admit of it; for by dividing numerator aqd 
denominator by some quantity which will divide them 
both without remainder the fractions are simplified, as 
may be seen jn the last five Exampleft^ n«\^3xcnX ^2&xsrss% 
their va/ue. 
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ADDITION AND aUBfRACTION OF FRACTIONS. 



EXERCISfiS. H. 
Reduce tbie following fractions to lowest terms :-» 



0) 

(2) 

(S) 
(4) 
(5) 
(6) 



2ax 
2ac * 

2«^V 



(7) 
(8) 

(9) 
(It)) 

(H) 
(12) 



gj?* - Sx 
5x 

14a' + 210* 

2ac 

goo? -So?** 

winp — m'p + flip* 
iii*p — mnp + »ip' 



Al)DITION AND SUBTRACTION OF FRACTIONS. 

36. To add two or more fractions together. 

1st. If the fractions have the same denominator , add the 
numerators together for a new numerator, and retain the 
common denominator. 

^- a c a + c . ^ 1 2 S „ . ^ ^ 

Thus T + T = "~T — * just as T + T = T • For m each of 
o o 4 4 4 

the algebraic fractions the unit is divided into h «qual parts« 

h being the denominator of each ; and it is dear that a of 

a c 

these parts, or t-, added to c of the same parts, or ?, givcB 

a-^c such parts, or • > • . 

c,. ., , a c d a-^c + d , ._^ . 

Similarly, ^+ T + T *= — T — • ^^^ so on, whatever be 

the number of fractions. 

2nd. If the fractions have wd the same denominator, 
tbejrawst be replaced by others which have, without aliter« 
-ttj^ tAelr value, by Art, 34. 
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o c 
Thus^ to add togedier j- and ^ , irhidi will represent any 

two fractions with different denominators: Since, by Art 34, 
a ad . c be a c ad be ad-^-bc , . 

b'Fd' """^ d'Td' •'• 6*5= W*W — 63-' ^y *^* 

Ist case. 

Or, if there be three fractions, r* j* 7^> then since t 

adf e (? X 6/* bc^ 
'bdf d'JTtrtdf (<^"'''<*=*^' ""d rfx6=6rf. by 

A kn /I* bdxe bde ace adf bcf bde 
Art 5.) and J - j^- g^, •'• & + 3 V ^"^ W'^ W 

= — ^^ — r^ : and so on, whatever be the number of 

the fractions. 

Hence the rule in this case is, as in Arithmetic, Multiply 
the numerator of each fraction by the product of all the 
denominators except its own ; make the sum of these pro- 
ducts the new numerator; and multiply all the denominators 
together for a new denominator. 

37- To subtract one fraction from another. 

This is done precisely as in Addition, except that one 
numerator is subtracted from the other instead of being added 
to it^ to form the new numerator. 

^, a c a—c ,a c ad — be 

N.B. Any quantity, not in a fractional form, may be 

considered and treated as ti fraction whose denominator is 1 ; 

*u a or , a-b , __ ax\ a 
thus ««-,«=-, fl— 6a— —, and so on. Foraa »-, 

by Art 54. 

Ex. 1. Add toirether -, — and -. 

Here the denominators being the same, the sum required 

a + b + c 



a h 

Ex. S. Add tcigether - , and — . 

9 tLX 
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Here the denominators are different, but - = 5- * 

X ax 

. 2a b Qa + b 

.*. the sum = ;-- + ;r- = --z — . 
2x 2x 2x 

1 X 

Ex. S. Add together - , and —- . 

-.la ,, a X a-hx 

Here -±-77-, ••• the sum =-- + 7r~-^ — • 
2 2a 2a 2a 2a 

Ex. 4. Add together - , - and - . 

-- X 3x4xjp__12a? x _ 2x4>xx _Sx 
® 2^3x4x2'"2i' S"2x4xS"24' 

X 2x3 XX 6x , 12x Sx 6x 26x 

t^t: — ;; — 7= -^ » •*- the sum = -;ry +rr: + 77^ =-77t-« 
4 2x3x4 24' 24 24 24 24 

Ex. 5. Add together - , r- , and — • 

„ 1 lx2xxSx^6f^ l lxxx3x _ Sx' 

« "" jr X 2« X 3a? "" fijc* ' 2 J? ~ 2a? x a? x 3d? ~ 6a?' * 

1 _^lxjrx2a?_2a?* 
3* " j; X 2x X 3a: "" 6i* ' 

,, 6aj* 3a?" 2a?« 11a?" 

...thesum=g^4g^+g^3=-g^, 

or ii in lower terms. Art. 35. 
ox 

This Ex. is treated according to rule; but it is not the 
method to be adopted in practice. It is sufficiently obvioui 
at sight, that we can easily make the denominators of th( 
proposed fractions all alike, without altering the value o 
each fraction, by adopting 6x for the new denominator ; foi 

1 6x1 6 1 ^ 3x1 3 1 2x1 ^2 
x" 6xx~ 6x' 2a:""3 x2a?"'6j?* 3a? " 2 x3a? ""Si* 

••. the sums — ^^, as before. 

Since the "Least Common Multiple" of the denominator 

contains each of them a certain number o{ \.vtae%,ixvMlt\i^lYvn^ 

^e numerator and denominator of eacVi &ac^o\i Vi^ \)[v 
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number, we shall have the fractions with the l.c.m. for a 
common denominator^ and in their lowest terms. 

Ex. 1. Add together -, -, and --. 

Here the l.c.m. of the denominators is 12> in which 2 is 
contained 6 times, 3 four times, and 4 three times, therefore 
multiplying numerator and denominator of each fraction 
by 6, 4, and 3 respectively, 

X ^6x X 4x X _^3x 

2"12' 5^12' 4~12* 

^, 6x 4x 3x 6x + 4jr + Sjr ISx 

•\ the 8um= -— + T7Z+ 777= rx = -,;r • 

12 12 12 12 12 

Ex, 2. Add together ^, y , and ^. 

Here the l.c.m. of the denominators is 30, 

Ix _35x S£_18ar 
T" 30 ' 5 ""so' 

35x + 18a? + « 54j? Qx 



•*. the sum required = 



30 30 5 

XX m X 



Ex, S. Add toffether —- , 7n > and —-^ . 

® 2a 6a6 8a& 

Here the I..C.M. of the denominators is 24a6, (Art 32, 
Ex. 3.) and 24a6 is 126 times 2a, 4 times 6a6, 3 times 8a6. 

« 126« jr ^ 4jr x _ 3x 

*'* 2a^2iab* eab^^iab^ Sab^ziah' 

l2bx-¥-4x + 3x 12bx+7x 



the sums- 



24a6 24a6 



Ex. 4. Subtract -r from -r . 

7b 7b 

9a 2a _ Qa-2a _la _a 
76 76"" 76~"76"5* 

•Ex. 5. Subtract - — from -— . 

24^ 4y 

3jr _ 6 X 3ar _ 18j? 

. 4y 6 X 4^ ~ 24^ ' 

-•. the difference reqmred = — - — ^r^*' a*..^"^^^ 



42 



ADDITION AND SUBTRACTION OF FRACTIONS. 



Ex. 6. From --— take ■^. 

4 o 

Here 12 is the l.c.m. of the d^iominators 

Bab ^ 15ab , 7ab _ 14fl& 

^""12"' "''*'6"~^i2'' 

15ah 14a6 ab 



.*. difference required = 



12 



12 12 



Add together 

(1) 5, y, **^^1-- 

(2) !^^and^ 



EXERCISES. I. 



3 



T- 



,.v 2a a ,1 

(3) -, -. and 5, 

(4) i±f, and*-* 



2j? + 1 

(5) -y-, and 

(6) 2^, and 



5 
4jr — 5 

4a? — 5 
~2r"' 



/in\ 12 3 

^^^^ a' ^' ^* 

. . 3a?-5 ,2«-4 

(12) 6'-!-' '"^-12- 

/,«N 4j:-5 2a? J 7j?+6 

(^') -To-^T'^^:25- 



x' 3* 



5x 



(7) -, -, and -, 

(^^ ^' ^^ "'^ ^• 
(9) I' ?'*^^7- 



(15) — -> r-T and"—. 

(16) f,f,«.d£. 

(18) — r-* T* and • 

^ ' ab be ac 



Subtract 
09) |fto„|. 

(20) ^ from a?. 

o 



/««N 2ar-3 ^ 5a?-l 
(22) — : — from 



4 



8 



(23) ^t!^from^+l. 



A^^'^'^^^^'^'^^ 
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Subtract 



43 



(25) 5 + *froin-+-. 

SC 3D X SB 



(26) 
(27) 



«+ 1 

24r-7 
21 



firom 



from 



Sx 

« + 2* 

Sjt + 7 



(28) -^ + XT from 
^ ' 10 25 



14 * 

lljr~18 
25 



(29) 
(SO) 

(SI) 



(S2) 



-z from Y- 

h + CX 

-^ from "Lll 



1+x 



from 



from 



l+«*+2«' 



MULTIPLICATION AND DIVISION OF 

FRACTIONS. 

38. To multiply a fraction hy a whole number. 

This is done by multiplying the numerator of the frac- 
tioft by the whole number for a new numerator, and retain- 
ing the denominator. Thus ^^t=X'' ^^ ^^^ ^^^^ ^^ A 

and -T- being divided into the same number of equal parts 

(since the denominators are the same), those parts are all 
equal to each other, and c times as many parts being taken 
in the one fraction as in the other, it is clear that die one is 
c times as great as the other. 

Ex. 1. Multiply I by 2. 
Product =-T-; for twice x ^s t + t = —r— (Art. S6) =» — . 
Ex. 2. Multiply t- by m. 



ax max 
by 



nax , . . , 

T— , the product required. 



a-x 



Ex. S. Multiply by 7- 



« + « 



Products 7 x?^=l3:rTiL. 
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O —" X 

Ex. 4. Multiply —=-- by 9.a, 

Product = 2a X — |— = j . 

o o 

39. To divide a fraction hy a whole number. 

This is done either by dividing the numerator of the 
ifraction by the whole number, when that can be done, for 
a new numerator, and retaining the denominator: or by 
multiplying the denominator by the number for a new de^ 

nominator, and retaining the numerator. Thus -r~^^ = T* 

6 o 

and T-^^= I"* ^^^ since c times -r = -T , by Art. 38, the c* 
part of -T- 9 that is, -r-^c, must be t • And, again, since 
T = 7-/ by Art 34, and r- = c times r-, by Art 38, there- 



fore -T^^c times as great as j- , and therefore r- must be 
the c^ part of t ; or t -?- ^ = r- ; which proves the rule, 

Ex. 1. Divide -r- by 2. Ans. t , •.' 2a -r 2 = a. 

Ex. 2. Divide -r— by wi. 

•/ max ■T-m = ax^ .'. the Quotient = 7— . 

by 

.Ex.3. Divide ^?^^^^=^ by 7. 

a + x ^ 

a *"* X 

%• numerator -r 7 = a — J?, .*. the Quotient = . 

a + x 

Ex. 4. Divide by 2a. 

••• Zab- 2a' divided by 2a = & - a, .•. the Quotient = -^« 

40. To multiply one fraction by another fraction. 

This is done by multiplymg Xhe Tv\xtD£t«toT« together 
^or a new numerator^ &na the* dervomVciaXxst^ ioT «l "os^ 
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ac 



denominator* Thus T^^^rr* To prove the rule, we 
have -1 to be taken -r times. Now -^ taken a times is --r ^ 



a . 



by Art 38 ; but j is the 6* part of a (Art. 33), therefore t 
is to be taken^ not a times, but the b^ part of a times. 
Hence the product required will be the b*^ part of -^ , that 

is, -^-^b, which is j-i, by Art 39; 

.'. -r- 5c -i = -. — , , which proves the rule. 
6 a bxd '^ 

Cob. Smce r ^ tj = n > 
6 a bd 

a c e _^ac e ^ ace 

•'• J "" rf ""7" bd V" W 

and so on, whatever be the number of fractions to be mul- 
tiplied together. 

Ex. 1. Multiply - by -. Ans. — * 

*^ '' a '^ c ac 

Ex. 2, Multiply by - . 

6 a — x 6a — Gx 

-X = . 

X If xy 

Ex. 3. Multiply 5- ^7 - • 

2o 6 _ 2ia X A _ 2a6 
3y x~ Syxx Sxy * 

Ex.4. Multiply —by ^, 

*F X X X* 

Product = = -= . 

a xa a' 

^ --,.,«&, Zab 

Ex.5. Multiply— by— . 



Product 



2«yx 5x1/ \Oa?t( 



.%* 
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The result in the last Example is not in its lowest terms, 
the numerator and denominator being both divisible by 2. 
This should have been avoided^ by observing, before the 
multiplication was effected, that 2 would be a common Jacior 
in the numerator and denominator of the product, and leaving 
it entirely out of consideration ; for the neglecting of aJoC' 
tor common to numerator and denominator is clearly equi- 
valent to dividing numerator and denominator by that factor, 
which we know does not aher the value of a fraction-, but 
merely reduces it to lower terms. Similarly, any number of 
factors which we see will, be common to numerator and de-» 
nominator of the product may be neglected, if we wish with 
the least trouble to have the fraction in its lowest terms. 

2«r Sx 
Ex. 6. Multiply -Q- ^y "F* 

^x 3x 2j?* • 
Here -5- x -r- = -7-* neglecting the factor 3 common to 
3 5 5 

numerator and denominator of the product found according 
to rule. 

Ex.7. Multiply^ by ^. 

Here the product^ according to rule, = — , and the 

O X 4> 

factors common to numerator and denominator are 4 and 5; 
omitting these factors the numerator becomes ^ x ^, or ^, 

and the denominator 1 x 1^ or 1, therefore the product = -r*' 

or x'. But the student should endeavour to be able to do 
all this at a single step thus, 

vm? ox f 

Ex. 8. Multiply — ^ by 4. 

Here we say at once that the product rs Sx - 5. In fact, 
4 times the 4th part of any thing, or quantity, must plainly 
be the whole thing or quantity itself. 

Ex.9. Multiply :^^—^ by 8. 

Here 5j?- 5 is to be divided by 4 and multiplied by 8; 
tAis IS equivalent to simply multipV^mg \t \>^ % «xA VJsx'fe 
^ pr€Hluct 13 4x^10. 
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Ex. 10. Multiply —^ by 80. 

80 
Here t^ =» 5, .•. the product required is 5 times 2* - 5, 

or lOx-25. 

Ex.11. Multiply — Ity ^ . 

The product a x — *— ; and « + 6 multiplied by 

«-6 = a*-.6*, /. the product = — ^ . 

41. To divide one Jraction hy another fraction. 

This is done by inverting that fraction which is the divisor^ 
(that is^ putting the numerator in the denominator's place 
and the denominator in the numerator's) and then multi" 
piying Ais fraction by the other according to the rule for 

multiplication. Thus T'^3'=T^"" = r~« To prove the 

rule. 

Since the Quotient is always such a quantity as multi- 
plied by the Divisor will produce the Dividend, therefore 
if the dividend can be put into two factors, one of which is 

the divisor, the other must be the quotient. Now t^ the 

,. ., , axed acd cad c ad g, ^, , ^ „ ^ 

dtvtdend, = t y = 7 — , = -jj- = -> x 7— , ot which two factors 

oxcd bed doc d be 

-? is the divisor, therefore the quotient = -j- , the other factor, 

which proves the Rule. 

Ex. 1. Divide - by - . 

X ' y" X S "" Sx' 
Ex.2. Divide T- by T. 

ax a ax b ahx x ,. ^^v 
oy 6 btf a qby y ^ * 
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Ex. 3. Divide - — by — . 

9,ah h __ 9.db x __ ^abx ^Qa,bx 2a 
Sxif ' x"^ Sxy h Shxy Sy.bx ~Sy 

Ex. 4. Divide ,^ . , by 



(Art 35. 



10x*y "^ ^xy 
2a*b ah ^ 2a*A 9,xy __ Za,ah, Qxy _ 2fl 
lOjjy * 2«y "" lO^ry a6 ~ 5*y . 2xy . a6 ~" 5xy 



fl — « 



Ex. 5. Divide — - — by - . 

4 ^ a 



a—xQ^a — x a^a^ — ax 
4 ~a~ 4 ^2 8 



Ex. 6. Divide 






by 



+ 4? 

a 



a'-a^ fl + df a'— a?' a a — a? o + x a 



aor 



ao; a + j? 



a a + or 



Ex.7. Divide 1±4^ by ^-^^ 



3jr 



2ar 



^ . ^ l+«'+2jr 2* 1+j? l+x 2j; 1 +^ ^ 



EXERCISES. J. 



0) 
(2) 
(3) 
(4) 

(5) 



Multiply - by 3. 



2 ^ 



5x , 

— by 2. 



I by 6. 



a- X 



by 4. 



g by 60. 



(7) Multiply I 1 



(8) 

(9) 
(10) 

(") 



3x- 
■ 2 
12+9. 

16 

8-7 
4i 

~^ 

2x-l 

1\ 
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(13) Multiply 5^^ by H. 



(U) 
(15) 






i^ 



by 10. 



(16) ..-ybyi- 



(21) Divide ^ by 5. 



Sx , 
-by 5. 

-by 6. 



(22) 
(23) 
(24) 
[25) 



2lax 



by 7a. 
by 2;i. 



(17) 
(18) 

(19) 
(20) 



(26) 

(27) 
(28) 

(29) 
(SO) 



3x Sx 
Multiply — by y . 

... - + - by a?y . 



-^. , , 2j?— 4j?i/ 
Divide ^ by 2jr. 

- by 3a. 



4 



...^by?^. 
2a5c 



by 



3d 






a'xt/ 
2^ 



^^-s- 



Multiply 
;31) « + - by« + -. 

32) - + «by^+-. 

2a , , 2« 

3*) ^-nr^^y'-^i^- 



Divide 

m 2+ibyl-| 

(40) by 



(35) l+??^byl+!?^ 
^ ^ *=» 2 ^3 3 



2 



(36) M.^byi-i.2. 



(37) 



or — ax 



by 



1 a 
a ^'l 



b ' a- X 



(88) 4±^l±4by^ 
"^ a "ox^-x* ^ a^ 



a — x 

X 



(41) 



ft- 8a , Za-h 
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Divide 



5* 
(45) a^ by 



a — x 



a"-*' , a-ar 



(*6) :xT^^y 



a +ar ' a + Jf 



BRACKETS. 



42. When it is intended to express, that a quantity 
two or more terms or factors is to be operated upon, a 
wholCy the quantity is often inclosed within "Brackets", s 
as(), {\, £\ &C., having the sign or symbol of the operal 
immediately affixed to the Brackets, as it would be t 
quantity represented by a single letter. 

Thus fl-f (A-c) means that b—c is to be added to a, 

a—{b—c) b—c subtracted from 

a X (b—c) ......... b—c multiplied by a, 

(b-c)-i-a b-c divided by a, 

(b—cy 6— c squared, 

J{b"C) the square root qfb- c is to be tal 

{aby a times b ... squared. 

And that brackets have a significant meaning will be ea 
seen by striking them out in a particular case, and observ 
the result. Thus, if to express b—c taken a times we \v 
to write ax b — c, we could not fairly obtain any ot 
product from this than ab - c, instead of the true prod 
ab — ac. Again b — c^ would not express the square of b 
but only that the square of c is to be subtracted front 
which is quite another thing. 

43. , Sometimes, in the place of Brackets, a straight 1 
is used, called a Vinculum (Latin for 'a bond, or tie'), dra 
over the several terms or factors which are to be opera 
upon as a whole. 

Thus a — b-c means the same as a — (b — c), 
■J^" J{f>-c\ 



b-c\ (5 - (?)« ; and so on 

It must also be carefully borne m mVcvd. \Yia!t Vkkfc \ 
which separates the numerator and denomlnalor o^ a j^ra< 
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serves as a Vinculum for hoik. Thus means the same 

a 



as 6-c-f-fl, or (A-c)^fl; and -—5 means the same as 

T^-T-c-dy or (a-h)-^(c-d). 

44. The learner often finds much difficulty in the use 
oi Brackets and Vincula; all which may be avoided by con- 
stant attention to this one rule :— 

Never make a bracket or vinculum to disappear except 
when the operation indicated by the sign or symbol affixed to 
it has been performed. 

Thus in a + (5 - c) the bracket is introduced simply to 
signify that the whole quantity b-c is to be added to a, the 
sign preceding the bracket being +. When, therefore, tiliis 
addition has been performed, the bracket is no longer of any 
use, and may be omitted. 

Similarly in o - (6 - cj, the sign before the bracket being 
— , signifying that b — c is to be subtracted from a, when the 
subtraction has been done, the bracket is no longer of any 
use, and may be omitted. 

In these two cases, however, the above rule admits of 
modification; for 

I. In the first case, since, by Art. 16, the addition of 
b-c to a is performed by merely writing the quantities in 
one line with their proper signs, thus, a + b-c, it appears 
that where the bracket is used for purposes of Addition, that 
is, is preceded by the sign +, the bracket may be struck out as 
of no value in the result. 

II. In the second case, a - (6 - c), since by Art. I9, the 
subtraction of one quantity from another is performed by 
changing the sign of every term in the quantity to be sub- 
tracted, and then adding by the rules for Addition, instead 
of & — c to be subtracted from a, we may put — 6 + c to be 
added to a, which gives a-b + c, by Art. I6. Hence in 
cases, where a bracket is preceded by the sign — , the bracket 
may be struck out, if every sign within the bracket be first 
changed^ that is, -+• into —, and — into +. 

But in all cases where brackets or vincula are used 
for purposes of Multiplication, Division, Involutioxv^ "Ehcw 
lution, &c. the Multiplication, ox liVjmow^ at Vti'a^»Q«^^^ 
operation it may he, must be actua% performed^'^afe^^^^'^^ 
JBrackets or Fincula can disappear. 
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It may be worth while to notice further^ that a 
or yinculum sometimes serves two purposes at ti 

time: for example in a*— (a— by, or a'—a-b\', the br 
vinculum not only expresses that a — b is to be squa 
also that when squared the whole result is to be su 
firom a' ; both which purposes must be satisfied^ be 
bracket or vinculum is dispensed with. 

Ex.1. SunpUfy a + (a^b). 

a + (a-'b)=:a + a-b, by I, 
= 2a - 6. 

Ex. 2. Simplify a + b + ^a-b). 

« + 6 + (fl - 6) = a + A + a - 6, by I, 

= 2fl. 

Ex. 3. Simplify a - (a - b). 

a-(a-'b)==a-a + b, by II, 
^b. 

Ex. 4. Simplify a + b"(a-b). 

a + A-.(fl-6) = a + 6-a + 6, by II, 

= 25. 

Ex. 5. Simplify ac-a-^b.c. 



a 
b 



ac — a^b. c = ac — 


ac — bc. 






sac — 


ac + bc, 


by II 


impHfy f- 


" b ' 


, by Art 




a — b a- 

b ~ 


-a^b 

b ' 


.37, 


a- 


-a + b 

b ' 


by II, 




b 
~b' 








= 1. 








L 1«/» . 


a + jf 







Ex. 7. Simplify 1 + 



a- jf 



1 + « + , 

a— X a— X a— X 
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— , by Art. So, 



a — a: 
a — 4p + fl + dp 
a — x 
2a 



,byl. 



Ex. 8. Simplify 1 - 



o — J? 

a — x 



a + x 

a—x^a+x a—x 
a + x "a + x a + x* 



a + x-a-x . A_^««r 
-, by Arts?, 



a + x 
a+x^a+x 

a + x 
2x 



, by II, 



a + x 



Ex. 9. Multiply a -— by 2. 



2 ( g— ^\ _a p «~^ (erasinff the bracket, because the 
^ V 2^/ ~ 2 * \ multiplication is performed. 






= 2a - a - A, 

= 2a-a + 6, by II, 

Ex. 10. Multiply f-^^^ by 10. 

2 5 

The Product = 10 x | - 10 x ^^^, Art 22. 

= 5jr-2(j: — 6), 
= 5a? -(2x- 12), 
= 5* - 2« + la, \)7 W^ 
= 5jp + 12* 
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Ex. 1 1 . Simplify (a + hy - (a - h)\ 

= a" + 2aJ + 6'-a* + 2a^-6*, by landU* 

Ex. 12. Simplify f ^Sf'^j! . 



Num'. = (a + 5 - c)(a - 6 - c), 
= (a + 6 - c)(a - 6 + c). 

Denom'. = (a + 5 + c) (a+T- c), 

• Fraction - (^"^ ^■"g)(^-^ + g) « «-^ + <^ 
(a + 6 + c)(a + 6 — c) a + 6 + c 

N. B. If a numeral or letter immediately precedes the 
first limb of a bracket without any sign intervening, the sign 
X, or the word dimes', is understood^ and extends to the 
tvhole quantity within the bracket. Thus 4 (a + d?) signifies 
4 times the sum of a and a; 3 (a + b—c) signifies 3 times 
the quantity which results from adding together a and b 

and subtracting c; ^(t+ j) signifies 5 times the sum of 

the two fractions j and -?; and so on. 

Similarly (fl + ft) (c + d) signifies a + 6 times c-^-d, that 
is, c + d multiplied by a+b; and so on: the bracket and 
quantity inclosed within it being considered as a single term 
with respect to any operation to be performed upon it Thus 
(a + 6) (c + (/) is the same as xy^ where a-^-b — x, and c-^d^y* 

EXERCISES. K. 
Simplify each of the following quantities : 



(1) ab + a(c-b). 


(6) 


2 ■■•'-2a. 


(2) 4(1-*) + 3*. 


(7) 


^(fl + ft)^l(a_6). 


(3) 2(o+jr)-2(a-*). 


(8) 


(fl+7K+(6-7)ar". 


{^J 2(a + b)(a-b). 


C9) 
1 CIO) 


a-(:-44-5«V 


(S) S(l-jf)+(l+5x)xZ. 


1-VV-l-xV 
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(11) (6a - 6 + c) - (fl - 6 ~ 2c). 

(12) |(fl-jr)(2a + jr) + lar(a+x). 

(13) (l + jp)(l-a?)(l+4P'). 

(14) 2(;r»-l)^(2^+l) + i. 

(16) {«^±|)±*!}.{*(i±|)±±'}. 

(18) ?^^?^+ « 



{a - 2ar)* fl - 2a? * 

(19) |x(ar + l){ar + 2-i(2x + l)}. 

(20) {1 -l-a:|V(2 + J?)- 



SIMPLE EQUATIONS OF ONE UNKNOWN 

QUANTITY. 

45. If we say that 2x + 3a? = 5ar, or 2 (a + a*) = 2a + 2a:, 
or such like^ where an equality is expressed betwixt two 
quantities which differ only in Jbmi, (an equality which 
admits-of no more question, than 2 + 3=5, or 2x{l+5}-12) 
— and which holds true for any value whatever of a:, such 
an expression is called an *^ Identity" , But when we say 
« + 4 = 6, or 2(1 + a:) = 14, or such like, in these cases it is 
clear that only certain values of x will permit the expressed 
equality to be true, and these are called *^ Equations", 

In ^'Equations" the question always is, what value of 
the letter or letters not already known will verify the ex- 
pressed equality? The finding of such value is called 
*' Solving" the ''Equation*'. 

Thusj in the Equation JC + 4=6,lo ^xAxSaft n^>^& ^'^^ ^> 
that 18, to solve the Equation^ we ^ee aX o'wi'fc ^«^ xSsk'^sift. 
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number which added to 4 makes 6, .*. x=:2, and can be no 
other numb er. Again, in 2(1+ a:) =14, to find x, since 

twice l+jr = 14, 1 +0! must be 7, and .*. « = 6. But these 
' Equations' are of a very simple character. It is obvious, 
that unknown quantities, one or more, may be involved in 
endless ways with others that are known, and form 
'Equations' of a much more complex character; and to 
fina the values of the unknown quantities in such cases 
forms a chief part of the business of Algebra. 

To this end the following Rules are needed. They all 
rest upon the axiom, or self-evident truth, that, if two 
quantities are equal to each other, and the same operation 
precisely be performed upon both, the results will still be 
equal. 

46. Rule I. If the same quantity be found on both 
sides the symbol = , and having the same sign, + or — , it 
may be erased along with its sign from both sides. This is 
evident, for if equal quantities be taken from equal quan- 
tities the remainders are manifestly equal. Thus, if x + 4 
s 7 + 4, +4 may be struck out on both sides the symbol =, 
and leave x=7» 

47. Rule II. In an equation any term may be tranS' 
posed from one side of the symbol equal to the other^ if its 
sign be changed, + to ~, or — to +, as the case may be. 

For, let ax-hb = cx + d be the equation ; then if fVom 
the equal quantities we subtract the same quantity, ex, the 
remainders will be equal ; that is, 

«« — ex + 6 = car — CO? + </, 

.•. ax--cx+b = d, ;* cx — cx^O; 

thus ex has been transposed from one side of the symibol » 
to the other by changing its sign. 

Again, subtract b from each side, then 

ax — ex + b — b = d — b, 

or ax — cx = d-~b, •.• 6 — ft = 0, 

that is, b has been transposed from one side to the other by 
changing its sign. 

Ex. 1 . Transpose the letters to one side, and the num- 
bers to the other, in the equation or + 2 = 6 - «. 

Here «r-/-j?=»6--2, —x being cYvanged iiAJo -v x, «iA -v 9. 
iato — g, according to the rule. 
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Ex. 2. Transpose the literal terms to one side^ and the 
Bumbers to the otber^ in the equation 

4*-6 = Sjf-2x+12. 
Here 4d;-3(p+2;r=12 + 6. 

48. Rule III. If every term of an equation be mul- 
tiplied by the same quantity^ the equality will still remain. 

For^ in multiplying every term by the same quantity^ 
the mh^ quantities which are equal (Art 22) are equally 
multiplied^ and .*. the products must be equal. 

This rule is chiefly used for clearing an equation of 
fractions, if they stand in the way. Thus^ taking the 

equation 7* — 6 = -5- , multiplying every term by 3, the 

lenominator of the fractional terrn^ we have 

21«-18 = 5j?, (•.• 3x— - = 5«,) 
in which no fraction appears. 

Again^ if the equation be ^ "^ ^ ~ o ■•■ ^> multiplying by 

2 

2, we get x + 10 = — + 12, making one of the fractions to 

disappear. Nextj multiplying by S, the other denominator^ 
we get 

34? + S0 = 2jr+36, in which no fractions appear. 

And the same thing may be done in like manner, whatever 
be the number of fractional terms. 

But the readiest method of clearing an equation of 
several fractional terms is to make one multiplication serve 
for all, which may always be conveniently done, if the 
ienomifuitors of the fractions are not very large. Thus, in 
the Ex. before given, 

instead of multiplying first by 2, and then by 8, multiply 
it Mice by 2xS, or 6; then we get, at one step, 

Sjf-f-SO^Sa + se, V 6x- = 3a;, audi &v.\=*jtx* 

2 ^ 
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Again, if the equation be - - — + - = 6, multiplying I 

A o o I 

at once by 2 x 3 x 5, or 30, we get 

(••• 30x| = 15x, 30x-^ = 20x, S0x- = 6jr) 

15a? - 20a: + 6a? = 180, 

in which no fractions appear. 

But sometimes instead of multiplying by the product of 
the different denominators it will save trouble to multiply 
by their '' Least Common Multiple", that is, the least number 
which contains each of them without remainder. Thus, 
taking the equation 

X X X ^ 

2-4*8 = ^' 

in this case the product of the denominators is 64, but the 
small number 8 is their Least Common Multiple, and will 
serve as a multiplier to clear away the fractions. Thus, 
multiplying by 8, we get 

XXX 

(*•' ^^-^-^i 8 X - = 2ar, 8 x - = a?) 

z 4> o 

4a? — 2ar + a? = 24, 
in which no fractions appear. 

49. Rule IV. If every term of an equation be divided 
by the same quantity, the equality will still remain : — 

For, in dividing every term by the same quantity, the 
whole quantities which are equal (Art 26) are equally di- 
vided, and therefore the quotients must be equal. Thus, 
if 4a? — 2a? =1 6, dividing every term by 2, (wnich will be 
taking the half of equal quantities) we get 2a?— a; = 8. Or, 

7x 28 
if 7ar = 28 be the equation, —-=—-, or a; = 4. 

A * *f f ax h 

Again, iiax-o, — «-, or d?=-. 
° a a a 

Having established these four Rules, we are now enabled 
to proceed with the solution of equations, at least of the 
simplest class of them called '^Simple Equations of one Un- 
known Quantity", meaning such equations as contain only 
one letter not already known, and that too in its simple 
2 St 'power', as a?, not containing any higher power as 
^ af'j &c. after the preceding Kules Have been ap^xed to 
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50. To solve a simple equation of one unknown quantity, 

(1) Clear the equation of fractions by Rule III.> if the 
unmown quantity he found in any, (not otherwise). 

(2) If any brackets or vincula remain^ get rid of them 
by Art 44. 

(d) Transpose all the terms which contain the unknown 
quantity to one side of the symbol ^, and those which do 
not to the other side^ by Rule II. 

(4) Combine similar quantities as much as possible by 
the rules of Addition and Subtractioti, which will make the 
unknown quantity appear in one term only. 

(5) Divide the whole equation by the coefficient of that 
:erm, and the required value of the unknown quantity will 
t>e found. 

N.B. At any stage of the process of solution^ as well 

IS at the beginnings Rules I. and IV. must be brought to 

^ear, when the equation will suffer it 

/g 
Ex. 1. If 2jr - 3 = ~ + 6, find the value of a?. 

Here the unknown x appears in a fractional form^ -, 

lierefore to clear the equation of this fraction^ multiply the 
Krhole by 2, and we have 

X 

4jp-0 = jr+12, •.•2x- = jf, 

2 

ransposing, 4a:-d:= 12 + 6, (12 is the same here as +12) 

x>mbining, 3x = 18, 

18 
iividing by 3, a? = — = 6, the value required. 



To shew that this value is correct, substitute it for x in 

;he given equation : then we have 

/J 

2x6«S = -+6, or 12-3 = 3 + 6, or 9 = 9, 

vhich is obviously true, shewing that the proposed equation 
8 true, if 0? = 6. 

Ex.2. If 1-5 = ~3, find jr. 
2 3 

Here the unknown quantity appears in two fractions, 
'- and -, therefore to clear tKe equation of both, multiply 

o 

}j2>c3, or 6j by Rule III., and we have 
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transposing^ Sa! — 2x=^30- 18^ 

combining^ a: = 12, (•/ Sjt- 2x = l^r, or a?). 

This value of a? is correct, for —--5 = 6 — 5 = 1. 

12 

^-3 = 4-3 = 1. 
3 

Ex.3. If^ + 6 = ^^, find or. 
2 2 * 

Multiply by 2, ar - 6 + 12 = 5a? - 6, 

erasing — 6, a: + 12 = 5x, 

transposing, 1 2 = 5a: — x, 

combining, 12 = 4ar, 

dividing by 4, S « a? ; or ar = 3. 

Ex. 4. If ;r - -T- — r = -;; — 3, find ar. 

2 3 3 3 * 

Multiply by 2 X 3, or 6, 

3a? -10a? -8 =8a?-18, 
transposing^ 3a: — 10a? — 8ar = 8 - 1 8, 
combining, — 1 5a: = — 1 0, 

' dividing by -15, *'^^5~i' 

3 2 5 2' 
Multiply by 2 X 3 X 5, or 30, 

(•.• 30x^ = 10a:, 30 x-* 15a?, 30x^ = 6a'), 

10a:- 15a: + 6a? = 15, 
combining, ' a?= 15. 

Ex.6. If y-?| + g = 39,finda:. 

The 'Least Common Multiple' of 3, 10, and 6, 
therefore to clear off fractions multiply by 30, and we 

4a: 
(••• 30 X — - = 10 X 4a: = 40a:, &c.) 
o 

40x - 6a: + 5a: = 1170, 

comhiDing, 39« = 1 170, 

d/vidin^ by 39, « =^^-^= ^^- 
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EXERCISES. L. 

Find the value of x in each of the following equations: 

(8) 12~3x=15-Sa?-8. 

(9) 121 = 14ar + l-Sa? + 10. 

(10) 500=Sar+12+S2«-8. 

(11) 7*-2«+5=lSdP-4ar~15. 

(12) 12ar-6j? + 4jp=3ar + 84. 
(IS) 2x + i^3x-^. 
(14) 16a?-Si = 3i + ar. 



6j? — 10 = 5« — 4. 
13x + 1 = 9* + 5. 
Sar + 30 « 2ar + S6. 
4jp - 2 Jf = 24 - *. 
7j?-11 + 5 = 8«-9. 
15-2x + 6 = 3ar+l. 
Sa?-6 = 12--4a?-4. 



) * + 2 = 6. 
) 2x-|=I8. 
) 3^ + - = 4a? - 6. 

' 3 3 

)SB X ^ _ 
-+^ = 15. 
3 6 

. OP X 2 ^, 



. . X X X X 

(28) a?-^-7----- + 9- 
^ ^ 6 12 7 2 

/^^\ 3a? 2ar 1 0? ^, 



2a? 



- a d* ~ 4. 






Sx s X _ 5 X 
Y~4~6~21 ~28' 



(31) 
(S8) 
(S3) 
(34) 
(35) 
(36) 



2a? , 4a? 8a? a 
5 ^11 7 " 

0? 2a? _ 7a? a? 3 
8'*'T"'i5"So'*"20* 

7a? 3a? ,, 9a? 9aj ^•^ 



8 



4 



So? 7x_7f _gi9_A 

rS 15 20 «« 15' 

14a? 8a? ,^, 2a? « 

08 . X X V^\ 



&v 
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51. When brackets or vincula appear in equations they 
are got rid of by the rules given in Art. 44. 

Ex.1. If 2(a? + 5) + 3 (2jr- 7) = 21, find or. 

Since the 1st bracket here is used to shew that x + 5 is to 
be taken twice, and the 2nd to shew that 2ar— 7 is to be 
taken 3 times, and addedy if we perform these multiplications 
we may then strike out the brackets, (Art 44), and we have, 

{v 2 (a? + 5) = 2jr+ 10, and 3 (2j?- 7)= 6a?-21,} 

2jr+10 + 6j:-21 = 21, 

transposing, 2 a: + 6j? = 2 1 + 2 1 - 1 0, 

combining, 8jr = 32, 

dividing, ar = — = 4. 

8 

Ex. 2. If 2 (or + 5) - 3 (2a?- 7) = 15, find x. 
V 2(a? + 5) = 2x + 10, and 3 (2jr-7) = 6a?-21, we have 
2a?+10-(6^-21) = 15, 
or 2d:+ 10-6x + 21=15, by Art. 44, 
transposing, 2^: — So: =15 — 10 — 21, 
combining, — 4r = — 16, 

dividing, x = — — = 4. 

Ex.3. If5-^-!^ = i-3, findx. 

Multiplying by 11, and observing that the line which 
separates the numerator and denominator of a fraction always 
serves as a vinculum to both, we have 



55-ar + 4 = llx-33, 

or 55-x-4=lldP-33, by Art 44, 

transposing, 55 - 4 + 33 = 1 Ix + x, 

combining, 8 4 = 1 2x, 

84 
dividing, « = — = 7. 
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Ex.4. Ifjf4. — - — =12 — , find*. 

2 3 

To dear off fractions multiply by 2 x 3, or 6, and we have 
&r + 3 (Sx- 5) = 72 - 2 (2ar- 4), 
or6x + (94:-15) = 72-(4j?-~8), 
.*. 6ar+ 9x- 15 = 72 - 4jp + 8, by Art. 44, 
transposing, 6jr + pjr + 4* = 72 + 8 + 15, 
combining, iQx^QB, 

dividing, a.=— = 5. 

17 ^ •-8-7^ 12 + 9^ 1-Sa? 29 + 8* ^ , 
Ex.5. If-^+-,^^=-,^^ 20— '^"^^- 

The Least Common multiple of the denominators is 80, 
and multiplying by 80, we have 

10 (8 - 7a:) + 5 (12 + Qx) = 8 (1 - 3j?) - 4 (29 + 8;r), 

or 80-7ar + 60 + 45a? = 8-24a:- 116-S2j', 

transposing, 24a? + S2a? - 70a? + 45a? = 8 - 1 16 - 60 - 80, 

combining, 3 1 or = - 2 48, 

dividing, - 0? = — — =-8. 

Ex. 6. If yJ/^x + ?^ - Y^x-ei)^ i (5a? - 6), find x. 

Multiply by 14, and we have 

3a? + 1- 2(40? - 6|) = 7 (5x - 6), 

or 3a? + |- (8a?- 125) = 35a?- 42, 

o 

Q 

.-. 3a? + - - 8a? + 125 = 35a? - 42, 

2 4 
transposmg, 42 + - + 12^ = S^x + 8a: - Sx, 

4 2 6 
combining, 56 = 40a:, since - + - = - = 2, 



S S 3 
dividing, « = ^ =il\ . 



56 ^, 
40" '^ 
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EXERCISES. M. 
Find the value of or in each of the following equations: 



(1) 6a?+2(ll-j:)-3(l9-a?). 

(2) S(a?+l) + 2(a? + 2)=.S2. 

(3) 3jr-2(5ar+4) = 2(4ar-9). 

(4) 5(2ar-2)-3(2jr+l)=27. 

(5) 6(3-2x)=24-4(4j:-5). 

(6) 45-4(j:-2) = 5(jr + 2). 



(7) 7* = 8- 



l-9x 



^ V 2* « — 1 
(8) Y + 4 = * g-. 

<9> ^-- — =T-^^' 



(10) ^(«+6). 



12 



(16-S«)=4i 



(11) ^(S« + S) + l(7*-4)-^(7«+l) = 2. 

(12) lo(x + i)-6*(l-l)-23. 

52. It will oflen happen that the unknown quantity 
found in the denominator of one or more of the fractions : bi 
the preceding methods are not materially affected thereby, 

1st. If the denominators which contain the unknow 
quantity be sifigle termSy no other method of solution i 
required but sudi as have been already applied. Thus, 

Ex. 1. If -^ - 4 = 5, to find x. 
2x 

q 
transposing, ~- = 5 + 4, 

combining, ^^ == 9> 
multiply by 2ii?, 9 = 18^?, 
dividing, «= — = -. 

Ex.2. If-+-=- + --7T=, find a;. 
,0? a; ^ ;r 17 

Since the first 4 fractions have a Common Denominator^ 
fyr Addition, -a--.—-, 
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transposing, 


8 


6_ 

X 


2 
17' 


combining. 




2_ 


2 
17' 




• 
• • 


a? = 


17. 



d. If any of the denominators which contain the un- 
1 quantity consists of two or more terms, it will gener- 
Q advisable to clear the equation of the simplest deno" 
yc^Jlrst^ leaving the others to be dealt with afterwards, 
by erasing, transposing^ and combining, the equation 
fen reduced Xo fewer terms. Or, if there be no simple 
linators, then the complex denominators may be cleared 
gly one hy one, till all have disappeared. 

,.,. if__ ___ = _. find,. 

ultiply by 15 to clear away the simple denominators 
and we have 

6;r+lS -^^ — 7^ = ^> ••• 15x^ = 6*, 

5x-9,5 5 

ng, and transposmg, 13 = — -^^ — 57"^ * 

ox *" ^o 

3 (3x + 5) 
or 13 = — ^^ — - — -y dividing nume<« 

and denominator of the fraction by 5. 

ultiply by j:- 5, 13jj-65 = 9a?+15, 
transposing, 13jr~gx = 65 + 15, 
combining^ 4!X = 80, 

dividing, «=---- = 20. 

^ ,^10a? + 17 12^ + 2 54f-4 ^ , 

clear off first the denominators 18, and 9, multiply 
hole by 18, and we have 

.^ 2l6a? + 36 ,^ 



\ 
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erasing and transposing, 

,. . ^^ 2l6x + 36 
combining, 25= , 

IIj: — 8 
multiply by liar- 8, 25 (lU - 8) = Ql6x + 36, 

275ar-200 = 2l6x + S6, 
transposing, 275a? -21 6jr = 200 +36, 

. combining, 59x = 236^ 

dividing, X = — — = 4. 

59 

Ex. 3. If — - =-7 -r , find X. 

x — 1 x + 7 7(j?— 1) 

Multiply by 7 (-2? — 1), and we have 

,.i^) = ,, ...7(.-.).ji,.7,&c 

14fx— 1^ 
transposing, and combining, 6 = — ^^ ^, 

X "r I 

multiply by or + 7> 6ar + 42 = 14ar — 14, 

transposing, 140? — 6a: = 42 + 1 4, 

combining, 8ar = 56, 

56 
dividing, x = -— = 7- 

8 

Ex. 4. If !^bi£) + _5 8, find «. 

3 -x 1 — x 

Multiply by 3-x^ and we have 

2(3«4ar) + V^ = 24- Sor, 
^ 1- or 

or 6-8ar + ^^^-=24-8ar, 
1 —or 

erasing, and transposing, ^"" = 24 - 6 = 18. 

X "~" a? 

multiply by 1 - a?, 9 - 3x = 18 - 18ar, 

transposing, 1 8a? - 3a? = 1 8 - 9, 

combining, 1 5ar = 9, 

dividing, a; = ^^ = ^. 
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1? ir Trl5 + 3x 30 + 4J: ^ 24 ^ , 

Ex. 5. If + = 7 + r , find x. 

x-^l x + 3 ar+ 1' 

Multiply by X + 1, and we have 

ir o 30jr + 4j?' + S0 + 4r ^ ^ ^^ 

1 5 + 3x + =7^ + 7 + 24, 

X + O 

ansposing^ and combining^ 

34^ + 4x* + 30 
A x + 3 
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= 4r + 16, 



ultiply by X + 3, 

S4a: + 4j:' + 30 = 4ar* + l6x + 12j: + 48, 
asing, and transposing, 

34a? - l6x - 12ar = 48 - 30, 
mbining, 6ar = 18, 



viding, 


18 
ar--g--3. 


EXERCISES. N. 


Find the value of x in each of the following equations 


V 2 3 ,„ 


/>l^ ^•^-4 ^-S 2j? 
W 21 '5X-6'" 7 ' 


1 N^ = 41. 
5x 4ar 


(fC\ 9-^"^^ 12-40? x-4 
^^^ 36 " 4-5x ' 4 


6a? ax 


((\\ 7a? + l6 or + 8 X 
^ ^ .21 4a?- 11 "3* 


ar-7 1 _2ar-15 
^'^ ar + 7 2Ca: + 7) 2a:-6 * 


(8) ^- ^. 
^ '^ a? ar+ 1 


5 


~4(x+l)* 


(9) '^ 
^^'' 6* + 17 


10 1 


30*- 10"l-2dP* 


^'"^ S^-- 


2a? + 38 , ^ 
7:7 -1 = 0. 
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53. In cases where the numerical quantities are n 
and large, the following method of writing the soluti( 
an equation will be found useful and convenient to y< 
pupils, who are unaccustomed to add or subtract wit 
having the quantities placed beneath each other. 

Ex. 1. If 70j:-42^+42+280=700-35jr-60j:+80+56a: 
find X, 

Transposing, 70 

35 

60 



or- 42 


x = 700 


- 56 


-56 


80 


- 42 
-280 


165 


x= 780 




-98 


-378 


9 



67a: = 402, 
402 
67 



x = 



= 6. 



Ex. 2. If 



9ar-lS 249 -9j? 7j? + 9 3x+l 



4 



14 



8 



Gj 



Here 56 is the Least Common Multiple of the Den 
nators, therefore multiply by 56, and we have 

126j: - 182 - 996 - 36x ^ 4>9x + 63 - 24a: + 8, 
or 126^-182 - 996 + 36x = 4>9x + 63 - 24ar- 8, 



transposing. 



126 
36 
24 



combining, 



^-49a?= 6S 


182 


996 


186 


X = 1241 


-49 


-8 



-8, 



137^ = 1233, 
1233 
137 



a: = 



= 9. 



Ex. 3. If 201 (a? - 1) + 25 (3x + l) + 22 {5x + 1) = 
45 (x + 10) + 21 (a? + 11) - 35, find x. Ans. x •• 
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PROBLEMS 

DEFENDING UPON THE SOLUTION OF SIMPLE EQUATIONS OF ONE 

UNKNOWN QUANTITY. 

54. We are now come to the application of all that has 
gone before to the solution of questions and problems^ some 
of which might be solved by Arithmetic^ but not so certainly 
and expeditiously^ while others lie entirely beyond its reach. 
At this stage scarcely any rules can be laid down^ which 
will be of much use to the learner. Practice only can 
make him quick and expert in bringing a proposed problem 
into the form of an Equation : and when that is once done^ 
the solution of the Equation by the foregoing rules is the 
solution of the Problem, 

It may be worth while, however, to urge the necessity 
of fully comprehending the meaning of every part of the 
problem proposed, as the first thing to be done. It should 
be seen clearly both what is known or given, and what is 
unknown and required. Then representing the latter by x, 
the student will be able, by a little practice, to express the 
conditions of the problem in terms composed of x and the 
known quantities, and at length to translate the whole into 
an Equation. 

Pbob. 1. The ages of 3 children together amount to 
24 years, and they were born two years apart ; what is the 
age of each ? 

Here we have 

Known quantities. 

1. The sum of the ages 
of all three, 24 years. 

2. The difference between 
the ages of any two of them. 



Unknown and required. 

1. Age of youngest. 

2. Age of next. 

3. Age of the oldest. 



But, in reality, we have only one unknown quantity to 
Jind, because when we know the age of one of the children, 
the ages of the two others immediately follow. So that, 
we say, 

let X be the age of the youngest, 

thena? + 2 = next, 

and or + 4 = oldest. 

Thus far we have algebraized one o£ t\ie VnoVyio^xl ^^xv.- 
iitions of the problem. There stiW Temavos V> Yko*^^^*"^^ 
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the sum of the ages is 24 years. Now this sum is Sx 
adding together x, x + 2, and jr + 4 ; 

.'. 3a! + 6 = 24f, an equation from which to find x. 

Transposing, Sa? = 24 — 6, or 18, 

dividing, x = -— , or 6. 

,\ the age of the youngest is 6 years, 

next ... 8 

oldest ...10 

Prob. 2. I have exactly 5 times as many shilling 
sovereigns, and altogether my money amounts to £8. 
How many have I of each ? 

Let X be the number of sovereigns, 

then5a?= shillings. 

Now X sovereigns = x times 20 shillings = ^Ox shillin 

.•. 20ar + 5x, or 25x, = all the money, in shillings. 

But £8. 15;?. = 175 shillings, 

.-. 25ar=175, 

175 
dividing, x = -^— = 7, the number of sovereigns, 

and 5j: = 5x7 = 35, the number of shillings. 

Prob. 3, I went to the bank with a cheque for 6 guii 
and asked to have for it exactly the same number of s( 
reigns, half-sovereigns, shillings, and sixpences. The bar 
was puzzled : what is the number ? 

Let X be the number required, 

then X sovereigns contain x times 20, or 20:c, shillin 

. X half-sovereigns x times 10, or 10^, shillin 

X shillings x shillings, 

X sixpences - shillings, 

6 guineas 6 times 21, or 126, shillin 

Therefore, by the question, 

20a? + 10a? + a: + 1 = 126, 

or 310? + 1=126, 

multiply by 2, 62jc + a; = ^5^, 

63x = ^5^, 
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9.52 
••. X = -^ = 4, the number required. 

Venficatton. 4 sovereigns^ 4 

4 half-sovereigns^ 2 

4 shillings 4 

4 sixpences 2 

Total £6 6 

Prob. 4. What is the number of which the 3rd and 6th 
parts together make 15? 

Let X be the number required, 

then - = ite 3rd part, ] , 

^ I the sum of which parts, by the 

J « . ^ - I question, is equal to 15, 

and^ = it8 6th i ^ i > 

o ' 

X X 

that is,.- + ^= 15, 

multiply by 6, 9.x -vx- 90, 
combining, Sx = 90, 

.-. 4: = ^ = 30. 
This value is correct, •/ -— = 10, -^ = 5, and 10 + 5 = 15. 

3 O 

Prob. 5. A certain garden contained three times as 
any gooseberry-trees as apple-trees. Afterwards four of 
ch were cut down, and then there yf ere four times as 
any gooseberry-trees as apple-trees. How many were 
ere of each at first .^ 

Let X be the number of apple-trees at first, 

then Sx= gooseberry-trees at first. 

Afterwards x — 4 = number of apple-trees, 

and 3j: — 4 = gooseberry-trees, 

.erefore, by the question, 

3ar-4 = 4(ar-4), 

or 3^ — 4 = 4j: — 16, 

transposing, 16 — 4 = 4a: — 3^, 

.*. 12^ Xy the number of app\e-\xee% ^X. ^\^\.^ 

and 36 = 3x, gooseXietrj-Xx^^^ ^S^ ^x^* 
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Prob. 6. The date of the accession of Geo. III. is 
represented by 1800-2^, that of Geo. IV. by ISOO + ^xgx, 
that of Will. IV. by iSOO + ^xSa:; and if Geo. lll.rd's 
reign be increased by 2^, it will amount to ] 00 years. What 
are the actual dates ? 

The length of Geo. lll.rd's reign 

= 1800 + i X 2ar - (1800 - 2ar), 
= 1800 + 4: -1800 + 2^, 

•. by the question, Sj? + 2x = 100, 

,^/x 100 ^^ 

or, 5dP=100, .-. or = --- = 20. 

5 

.'.accession of Geo. III. is a.d. 1800 — 40, or 176O. 

Geo. IV 1800 + 20, or 1820. 

W1LL.IV 1800 + 30, or 18SQ. 

[Strictly speaking Geo. 111. did not reign full 60 years, having ascended 
the throne, Oct 25, 1760, and died Jan, 29, 1820. j 

Prob. 7* Divide 42 into 4 parts which shall be 4 con- 
secutive numbers. 

Let X be one part, 

then a: +1, x + 2, x + 3, are the other parts, 
and or + (d? + 1) + (jr + 2) + (or + 3) = 42, by the question, 
combining, 4ar + 6 = 42, 

4x = S6^ 
.*. x = 9; and a? + 1-10, a: + 2 = ll, jj + S = 12; 
.'. 9, 10, 11, 12, are the required parts. 

Prob. 8. A man dies and leaves a widow, two sons, 
and three daughters; and in his will he orders that his 
personal property, amounting to £l700. shall be so divided, 
that the three daughters shall have as much as the two sons, 
and the widow as much as a son and a daughter together. 
What are their respective shares ? 

Let X be a son's share, 

then 2ar = the whole fortune of the 3 daughters, 

.'. -s" = a daughter's share, 
and a-t -r^, or -— -^tlie mdoVa ^m^*. 
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5x 
hence 2x+ 2j? + -- = 1700£., 

3 

5x 
4ar+-— =1700, 

-4- =1700, 



X 

3 = 100, 



.*. X = S00£., a son's share, 
-r- = 200£., a daughter's share, 

~ = 500£., the widow's share. 

Pbob. 9* A pump which lifts 2 gallons of water at 
each stroke, and makes 3 strokes in 2 minutes, is to be 
replaced by another which can make only 2 strokes in 3 
minutes. What must be the discharge of the latter per 
stroke, to do the same work? 

Let X be the number of gallons per stroke of the latter, 

then 2x = gallons discharged in 3 minutes. 

Now the 1st pump discharges 6 gallons in 2 minutes, 
which is at the rate of 3 gallons per minute ; therefore in 
3 minutes the discharge would be 9 gallons. Hence, by 
the question, 

2a? = 9, 
o 
.-. j: = I = 4^, the number of gallons required. 

Pbob. 10. A and B, living on the same road 4^ miles 
apart, set off from their homes at the same instant to meet 
each other, walking at the rate of 5 miles, and 4 miles, per 
hour respectively. Where will they meet ? And how long 
after B might A set off, so as to meet exactly halfway ? 

Ist. When thfey start together, let x be the number of 
miles A walks before they meet, then 4^ — a; = JB's walk, in 
miles ; and the time is the same for both. 

-n ^ 1, ^» number of miles x 

But A s tmie = , , = -^ 

number per hour 5 

and 8*8 ... = ...^^-r — % 
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.'. by the question, - = ~7 — > 

o ^ 

multiply by 4 X 5, or 20, 4j? =>22^- 5.r, 

9J^ = 224, 
^ 22^ _ 

Therefore A and -B meet 2^ miles from -4's home, and 
2 miles from 5*s. 

2nd. To meet exactly halfway; since A, walking at 

the rate of 5 miles per hour, would take -^ hours; and 

5 
gi 

J5 -^ hours, walking 4 miles per hour; it is obvious that 
4 

A might set off 

-r--r hours after B, 
4 5 

that is, 2i f - - -j , or 2i X — , hours, 

-^^^0 min, or 6f miw. 

Prob. 11. A miller has two kinds of wheat, one worth 
7 shillings, and the other 6 shillings, per bushel ; he wishes 
to make a mixture worth 6s, Sd, per bushel. How must 
he do it } 

Let X be the number of bushels of the former, (either 
whole or fractional), which added to one of the other, will 
make the mixture required. 

Then the value of these (x + 1) bushels will be (7x + 6) 
shillings. But, by the question, it must be (x+l) times 
6s. 8d, that is, (x + 1) x 6| shillings, 

.-. 7J? + 6 = (a:+l)x6|, 

7jf - 6jr — fa: = 6| — 6', 

^ar = |, or J X 2, 

Therefore two bushels of the better aott a^^<&^ V^ oxkfc o€ the 
other will make the mixture requvted. 



IB 
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Prob. 12. A man and a boy undertake to dibble a 
Reld of beans, the man being able to do the whole work 
bimself in 5 days, and the boy in 7 days. How long will 
it take them working together ? 

Let X be the number of days required ; 

now, because the man can do the whole in 5 days^ 

the man's work per day = ^ of the whole ; 

similarly, the boy's = ^ of the whole : 

.'. the man's and boy's together = (^ + ^) of the whole 

__12 

35 

But the man and boy together can do the whole in x days, 

herefore the man and boy together can do in one day - of 

he whole ; 

12 1 35 11, 

-Ts'^x' or^ = - = 2ndays. 

Prob. is. Her Majesty, Queen Victoria, was bom 
lay 24, a.d. x, and Prince Albert was born Aug. 26, a.d. 
r + 1). Now their united ages at the present time, Aug. 26, 
848, amount to three times the age of Prince Albert on 
be birth-day immediately preceding his marriage, which 
ook place Feb. 10, 1840, What is the year of our Lord in 
rhich each was born ? 

Let X, and ar+ 1, as stated in the question, be the years 
equired, then on the 26th Aug. 1848, 

1848 — 0? = age of the Queen, 

and 1848 - (a: + 1) = the Prince. 

Also, the age of the Prince on the birth-day preceding 
is marriage 

= 18S9-(^+l), 

lerefore, by the question, 

1848 - or + 1848 -(x + l) = 3 {1839 - (a: + 1)}, 

r, 1848-X+1848- a?-J =55l7-Sx-3, 

Sx-Zx^ 5517 - 3 + 1 - 1848 - 1 848 

5518] 
.*. X = ^ ^ « 1819, yeat of (i\i^et!^^\s«^> 

and d:+ 1 = 1820, ...... lPtm^€% ••• . 
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Prob. 14. A cask is filled by means of 3 cocks, 
which would fill it singly in 5, 6, and 10 minutes. In 
what time will the cask be filled^ when they all run 
together.^ 

Let X be the number of minutes required. 

Now *.' one of the cocks will do the whole work in 5 

minutes^ its work per min. is - of the whole. Similarly, tbe 

o 

work per min. of each of the others is ^, and — , of the 

whole. And therefore the work of all three together per 

min* = (-=+^+-7T)of the whole work. 
\5 6 10/ 

But X being the number of minutes in which all three 
will do the work, the work of the three per min. will be 

- of the whole : 

X 

1 1 2.-1 
•*• 5^ 6^10" x' 

6-^5-^3 11^ 1 
30 ' ^^ 30' x' 

30 1.5 ^, . ^ 
.*. j: =-- = --- = 2* minutes. 
14 7 

Prob. 15. A person, being asked what o'clock it was, 
replied that it was between one and two, and that the hour 
and minute hands were together. What was the. time of day ? 

At one o'clock it is obvious that the hour and minute 
hands are separated from each other by exactly 5 of the 
minute divisions. 

If then X be the number of minutes past one, at which 
the hour and minute hands are together, it is evident that 
in that time the minute hand has travelled over a space x, 
and the hour hand x-5 \n the same time. But we know 
that the minute hand always goes 12 times as fast as the 
hour hand, and will therefore pass over 12 times the space 
in the same time. 

Hence d; = iaQa;-5^, 
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liar = 60, 

60 K 



••. « = jj=5ii; 



that is, the hands are together at Bji min. past one. 

Pbob. 16. The distance from Manchester to Liver- 
pool by rail is 31^ miles; the express down-train leaves 
Manchester at 11. SO a.m. and arrives at Liverpool at 12.30; 
the up-train leaves Liverpool at 11.45 a.m. and arrives at 
liianchester at 12.35. Both trains perform the whole journey 
^thout stopping at any intermediate station ; and supposing 
he speed of each to be uniform, find where they will meet. 

Let X be the number of miles from Manchester to the 
)lace of meeting, 

then 31^-^ = the number of miles from Liverpool to 
he place of meeting. 

Now since the down-train travels 31^ miles in 60min., 
t travels the 60th part of that distance in 1 min., that is, 

^ miles. 
oO 

Sli 
Similarly, the up-train travels -—■ miles per min., 

herefore the number of minutes in which the down-train 

., number of miles 31 i 

)erfonns a miles = ^ . — — = a? -f- -^ , 

number per minute 60 

ind the number of minutes in which the up-train per- 

3ji 

bnns Sl^-ar miles = (31^-0?)^—^. 

But the down train starts 15 min. before the up-train ; 
.«. time of down-train for x miles = time o£ up-train for 
JlJ— ^ miles + 15, 

60x ,„ SOx ,, 
_. 50-^+15, 

60 + 50 _ ^ 

^,, 65 ^,, 13 63x13 „«7 
. ^ = 31ix_ = 311x- = — - = 18§; 

herefore the trains will meet 18^ imVea 6cotCL'^«CL^^'*«t' 
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Prob. 17. Supposing (as is proved in Treat 
Mechanics) that the effect of a power or weight, a 
right angles to a straight lever, to turn it round its j 
is measured by that power or weight mulliplied by 
tance from the fulcrum, find where the fulcrum 1 
placed to enable a man to move a bale of goods w 
552 lbs. by means of a lever 6 feet long, and ex( 
power equal to 24 lbs. only. 

Let AB represent the lever, the j^ -p 
power being applied at B to raise ' ^ 
the weight at A ; and supposing F the fulcrum, let - 
then BF -6 — x feet ; and, by the question, 

552 X X = the effect of the Weight on one side 
fulcrum ; 

and 24(6— ar)= the effect of the Power on the othei 
the fulcrum. 

When these two effects, then, are equal, the 
exactly balanced, in which case 

552x = 24 (6 - a), 

= 144-24ar, 

or 5760?= 144, 

ft. in. 
144 1 12 _. 

576 4 4 

Hence, with the fulcrum at 3 in. from A, the po^ 
weight are exactly poised ; and it is obvious that by 
the fulcrum nearer to A than 3 inches, which dir 
the effect of the weight and increases that of the po^ 
power will get the mastery, and the weight will be i 

Prob. 18. If the 'Specific Gravity* of pure i 
1*03, and a certain mixture of milk and water be 
(by means of an instrument for the purpose) to be 
cijic Gravity 1 '026*25, how much water has been adc 

[Definition. By the * Specific Gravity^ of a substance is r 
number of times which its weight is of an equal bulk ofwati 
the Specific Gravity of silver is 10*6, or 10^, which means 
quantity of silver is 10^ limes the weignt of the same quantity 
of water. The Specific Gravity of milk being 1*03 signifies 
is 1^ times as heavy as water; and so on.] 

Let 1 quart of water be added to x c\uarts of pu 
to form the mixture ; then^ 
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*.• weight of X quarts of pure milk 

^ = 1*03 times weight of x quarts of water, 

= 1*03 X a? X weight of 1 quart of water, 

.% whole weight of water and milk 

= (1 + 1-03 X a;) X weight of 1 quart of water. 

But there are 1 + a; quarts of the mixture of specific 
gravity 1-02625, 

.*. whole weight of this 

= 1-02625 X 1 + J? X weight of 1 quart of water, 

.-. 1 + 1-03 X or = 1-02625 (l + x), 

(1-03 - 1-02625) X = 1-02625 - 1, 

•00375 X = -02625, 

_ -02625 ^ 
'*•"'" ^00375 ~^- 

Hence it appears, that one quart of water is added to 
7 quarts of milk; consequently one-eighth of the mixture is 
water. 

Pbob. 19. A person observes the discharge of a gun at 
A distance, and hears the report exactly 10 J seconds after- 
wards. Assuming that light travels at the rate of 1920OO 
miles, and sound IO9O feet, per second, what is the distance 
between him and the gun ? 

Let X be the required distance in miles, 
then the number of seconds in which the light travels to 

X 

the observer = ^^^^ ', and •.• x miles = 3 x I76O x x feet, 

192000 

the number of seconds in which the sound travels to the 

3x1760x0? 
observer = ^^^^ ; 

- . 3x1760x0? X ^ . 

... by the question, — ^^ j^^^ = 10^, 

3x176x192000-109 _ ,^1 
'''' 109 X 192000 -^-^02^ 

109x192000x10^ 
*'• ^ ~ 3 X 176 X 192000 - 109 * 

219744000 ^. ., . 

^101375891 =^i^'^^^^^^^- 
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Prob. 20. The Specific Gravity of gold is I9J:, and of 
silver 10^: a goldsmith offers a mass of ^o^a cubic foot, 
which he asserts to be gold, and which is found to weigh 
260 lbs. 1st Can it be all gold? 2nd. May it be adul- 
terated with silver? 3rd. If the latter, what is the pro- 
portion of silver to gold ? (From De Morgan's Algebra,) 

[N. B. A Cubic foot of water weighs 1000 ounces avoirdupois.] 

1. Since a cubic foot of Water weighs 1000 oz. and gold 
is 19 J times as heavy as water, a cubic foot of gold weighs 
19^x1000, or 19250 oz.; and J: of a cubic foot will be 
4812^ oz. or 300 lbs. 12^ oz., therefore ike mass is not all gold* 

2. Since a cubic foot of silver weighs 10^ x lOOQ, or 
10500 oz., and J of a cubic foot will be 2625 oz., or l64lb8. 
1 oz., therefore the mass is heavier than its bulk of silver, 
and lighter thpn its bulk of gold, and consequently may be 
a mixture of the two. 

3. In this case, let - of a cubic foot be the quantiQr of 
gold ; then - — is the silver ; and is the weiglit of 

the gold, and 10500 f- — ) the weight of the silver, in 

ounces. But the whole weight is 26olbs., or 4160 oz. 

19250^ 



10500 Q-l) = 4160, 



X V 

or 19250 + 2625ar- 10500 = 4l60x, 
4l60a? - 2625a? = 19250 - 10500, 
1535^ = 8750, 
8750 1750 175 S5 



• • 



X — 



1535=l0f=l0 '"■6-"*"'y- 



1 fi 

.-.-=—- nearly, the quantity of gold, in fractions of a 
X 35 

cubic foot, 

and T -- =1 - ^ =TI7.> the quantity of silver 



4 ^ 4 35 140 

6 24 
Hence, •.• -- =77^, if a cubic foot be divided into 140 

equal parts, m the proposed mass there are 24 such parts of 
goldj and 11 of silver. 
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EXERCISES. O. 

1. What number is that which added to its half makes 
14? 

2. What number is that which increased by two-thirds 
>f itself becomes 20 ? 

3. What number is that of which the half exceeds the 
bird part by 3 ? 

4. What number is that of which the 4'** part exceeds 
he 5* part by 3 ? 

5. There is a certain number which, upon being di- 
dinished by 6, and the remainder multiplied by 6, pro- 
luces the same result as if it were diminished by 4f, and the 
emainder multiplied by 4. What is the number? 

6. Divide 40 into two such parts^ that one-tenth of the 
mailer part taken from one-fifth of the greater will leave 
i for a remainder. 

7. Divide 25 into two such parts that one shall be 
hree-fourths of the other. 

8. Find two numbers which produce the same result, 
', whether the one be subtracted from the other, or the 
atter be divided by the former. 

9. Divide £ 1. among 4 children so that the oldest shall 
lave Is, more than the second, the second Is, more than the 
hird, and the third Is, more than the youngest. 

10. Divide a line 33 feet long into 4 parts, the second 
)f which is 1^ feet greater than the first, the third 2^ feet 
rreater than the second, and the fourth 3^ feet greater than 
he third. 

11. A banker was asked to pay £lO. in sovereigns, 
md half-crowns, and so that the number of the latter should 
36 exactly twice that of the former. How must he do it ? 

12. Thirteen shillings is the sum of exactly the same 
lumber of shillings, sixpences, pence, and halfpence. What 
s the number? 

13. I have exactly 5 times as many shillings as half- 
crowns ; and altogether my money amounts to £ 3. How 
many have I of each coin ? 

14. A father is 4 times as old as his son ; but 3 years 
igo he was 7 times as old as the son. What is the age of each? 

15. The ages of two brothers, who differ only by a 
single year, when added together amount to the age of their 
father ; and if the father's age be increased b'^ ow^-^av«?^ ^ 
that of the elder brother, it will amouxvt \.o iwxx-^^ot^ ^^"«s^. 
What 28 the age of each ? 

6 
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16. The ages of a man and his wife together amount to 
80 years, and 20 years ago the woman was exactly two-thirds 
the age of the man. What is the age of each ? 

17» There is a certain fraction whose denominator is 
greater than its numerator by 1 ; and if 1 be taken from 
the numerator and added to the denominator, the fraction 
becomes equal to J. What is the fraction ? 

18. A certain fraction has its numerator less than its 
denominator by 2, and if 1 be taken from the numerator, 
and the numerator be added to the denominator to form a 
new denominator, the resulting fraction is equal to J. What 
is the fraction ? 

19. A boy being asked to divide one half of a certain 
number by 4, and the other half by 6, and to add together 
the quotients, attempted to obtain the required result at one 
step by dividing the whole number by 5; but his answer 
was too small by 2. What was the number ? 

20. Find the time between 1 2 and 1 o'clock when the 
hour and minute hands of a clock point exactly in opposite 
directions. 

21 . A person, being asked what o'clock it was, answered 
that it was between 5 and 6, and that the hour and minute 
hands were together. Required the time of day. 

22. A servant is dispatched on an errand to a town 
B miles off, and walks at the rate of 4 miles an hour : ten 
minutes afterwards another is sent to fetch him back, walk- 
ing 4| miles per hour. How far from the town will the 
latter overtake the former ? 

23. A student has just an hour and a half for exercise. 
He starts off on a coach which travels 10 miles an hour, and 
after a time he dismounts, and walks home at the rate of 
4 miles an hour. What is the greatest distance he can travel 
by the coach, so as to keep within his time.-^ 

24. A cistern which holds 820 gallons is filled in 20 
minutes by 3 pipes, one of which conveys 1 gallons more, 
and another 5 gallons less, per minute, than the third. How 
much flows through each pipe per minute.^ 

25. A man and a boy engaged to draw a field of turnips 
for 21*. but when two-fifths of the work was done, the boy 
ran away, and the man then finished it alone. The conse- 
quence was that the work occupied 1^ days more than it 
should have done. Now the boy could do only half a man's 

work, and is paid in proportion. What, dvd ^acK receive 
per day? 



SIMPLE EQUATIONS 

OP TWO UNKNOWN QUANTTTIES. 



55. If a single equation contain irvo unknown quantities^ 
^andt/, as 2x +Sy=20, then, transposing, 2x = 20 — 3i/, and, 

ividing^ x = 10 — -J^; biit since this gives the value of one 

nknown quantity only in terms of the other, which is itself 
nknofvn, it furnishes no actual solution of the equation. 
^ow^ if besides 2x + % = 20, there is given also another 
quation, as 3j? + 2y = 25, which holds true for the same 
alues of X and ^ which belong to the former one, then 
rom this we get 

, 25 2v 
3ar = 25-2y, andx = y--|; 

o that we have, from the two equations, *.* x has the same 
'alue in both by supposition, 

,^ 3y 25 2y . ^ 

10--—=-- ^, an equation of one 

.nknown quantity, 

multiply by 6, 60 - 9y = 50 - 4^, 

60-50 = 9j^-4y, 



10 = 5j^; .'. J^ = y = 2. 



Also, from 1st equation, 



= 10--| = 10-- = 7; (v 3t, = 6). 



Hence the Solution of 

2x 
and Sx 



+ 3y = 20, ) ^ is x= 7, ) which upon trial is 
+ 2y = 25, j y = 2, J found to verify. 



This method of eliminating, as it is called, one of the 
unknown quantities, and so reducing the two equations to 
one of ont unknown quantity, is sufficient for the solution 
of any pair of equations of the above form which hold true 

* When Eguations are bracketed in this "way \t \% xait^TkX.^'aX.'QckK^'^wSAL 
true for the same values of the unknown qu«u\\l\e^« TV'C^ «»«sa«i'6ss«^ 
:aUed Simuitaneotu £quatlon8. 
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for the same values of x and y. But there are other methods 
of eliminating one of the unknown quantities, which are less 
troublesome; thus, 

(1) If 2j? + 3v = 20, ) , , . 

ji r, o of"® *"® given equations, 
and 2j7 — 3tf = 8, ) 

adding the equal quantities together, we have 

28 
4a; = 28, /. J?=-r = 7. 

4 

12 
Subtracting, 6^ = 12, .♦. ^= -^=2. 

(2) Again, if 2ar+ y=l6, 1 , ^, 

multiplying the 1st equation by 2, we have 

4x + 2^ = S2, ) 
and from 2nd equation, Sx + 2y = 25, / 

subtracting, 3C = 7, Also ^ = l6-2a; (from 1st equation) 
= 16-14 = 2. 

(3) Or, again, if 2j? + 3v = 20, ) , . . 

and 3xJy = Ur' *^«^^«» ^•1"''*'""'' 

multiply 1st equation by 2, 4j? + 6y = 40, ) 
2nd by 3, 9'^ + 6^ = 75, j 

35 
Subtracting, 5jc = 35, /. j? = — = 7, 

Also, from 2nd equation, 

4 
2^ = 25-3ar = 25-21=4, .-. ^ = - = 2. 

The methods here employed may obviously be applied 
to all other like cases, where two distinct equations aregiveD> 
either in the above form, or capable by previous rules of 
being reduced to that form : — ^the general object being so to 
frame one equation out of the two, that one of the unknown 
quantities shall be made to disappear. The most usual 
method is that employed in the last case ; and the rule is— - 

Mark which of the unknown quantities has the least 
coefficients, (so as to make the easiest multipliers), and sup- 
posing it to be y, multiply the Ist equalioivby the coefficient 
of^ in the 2nd, and the 2nd equation \»y X)a^& co^^dec^^l^. 
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he 1st. Then the two resulting equations will be such 
; either by adding them together, or subtracting one 
11 the other (it will easily be seen which) v will disappear 
gether, and leave a simple equation of one unknown 
Qtity^ 4p ; or vice versd, if x be made to disappear. 

Ex.1. If 2a?+l6v=48, ) « , , 

J *. , « ^?« r "^d X and v. 
and 5jr-13y = 67, i ^ 

Multiply 1st equation by 5, and the 2nd by 2, then 

10jr + 80j^ = 240, 1^ 
and 10ar-26^=134, J 

Subtracting, 1 06y = 106, 

••• y = l- 
Also, 2i=48-iey = 48 -16 = 32, 

.'. a? = l6. 
That these are the correct values will thus appear : — 
2a:+%=2xl6 + l6xl = S2 + l6=48, 
and 5a?- 13j^ = 5 X 16 - IS X 1 = 80 - 13 = 67. 



Ex. 2. If 7j? - 8^ = 3, 
and 13j; 



+ 5j^ = 85, J -^ 



Here the coefficients of y are the smaller, .*. multiply 
1st equation by 5, the coefficient of ^ in 2nd equation, 
the 2nd by 8, the coefficient of ^ in 1st equation, and 
lave 

from the 1st, 35a;- 40^ = 15, ) 
2nd, 1040?+ 40^ =680, J 

adding, 139a? = 695, 

__695_. 
••'^-I39"''- 

(\l80, from 1 st equation, 8^ = 7^ - 3 = 35 - 3 = 32, 

32 ^ 

That these are the correct valwea VSXV ^^^^-^ «:^\ft»s. ^t^ 
V for 7x= 35, and Sy = 32, .-. Ix - %ij --"2»^ - '^'^ ^'^ 
ISO! =^65, and5y=20, .•. 13x-^ 5g=^&^-v*5t^^^^- 
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There are some cases^ however, in which the precedi 
Rule should nojt be strictly applied, especially if the nut 
rical quantities in the equations are large. For example^ 

Ex. 1. If I6a?+ 23v = 94, ) ^ , , 

J -iA ,/> ,« r nnd X and v. 
and 14a:-12y=18, J ^ 

Here 112 is the Least Com. Mult, of l6 and 14«, and 
contains the former 7 times and the latter 8 times ; /. mul 
plying the 1st equation by 7, and the 2nd by 8, we have 

112jr + l6lj^ = 658, ) 
112a?- 96^ = 144,/ 
Subtracting, 257^ = 5 1 4, 

514 
'''^"257" 
Also 14ar = 12j^ + 18 = 24 + 18 = 42, 

_ 42 _ 

14 

Ex.2. If 54x-121v = 15, ) ^ , 

J o/? rrJ^ o, h find a? and V. 
and 36j?- 77^ = 21, J ^ 

Here 216 is the l.c.m. of 54 and 36, and it contains 
former 4 times ;and the latter 6 times ; /. multiplying 
1st equation by 4 and the 2nd by 6, we have 

2l6ar-484y= 60,) 

2l6ar-. 462^ = 126,1 

Subtracting, 22y = 66, 

66 „ 
^ 22 

Also 36a! = 21 + 77y = 21 + 231 = 252, 

_252_ 
"^"36"^' 

EXERCISES. P. 

Find the values of x and i/ in the following equations : 

(1) J?+^ = 17,) (3) 5x+ :y = 32,) 

9.x -y^ 19,/ Sar-2j^=14, J 

(2) 4^-7j^ = 26, I \ K^ Sx-lt,=^A 
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(5) 



So? + 4^ =11,1 
15a?- % = 11, J 



(6) 13a:-6^ = Sl, ) 
ll.r-3j^ = 47, ( 

(7) 7^-6j^ = 10,) 
6j:-7j^= S,i 

(8) 35a: + 2^ = 76, 1 
12^- j: = S4, I 

5x+2t/= l6, ) 
9^ + 2a: = 31, J 

11a:- 7i< = 72,) 
7a:-llj^= OJ 

(11) 36a:-45^= 0, ) 

2a: + 5^ = 1^,/ 

(12) 9^-h by =65, ) 
Ix - 9.y = 25, j 



(9) 



(10) 



(IS 



(14 
(15 



(16 



(17 



(18 



(19 



(2o; 



+ a: = 255, j 



15x-^=143, 
S5y 

lla:-13j<=l6, ) 
20x-19y = 43,i 



45a: + 8^ = 
21^-130; 

101x-24j^ = 63, 



= 350, ) 
= 132J 

103a:- 28^ = 29,/ 

64a: + 90^=237,) 
63a:-218^= 80, j 

Si.a:-4i.j^=12,| 
lx+ 9^ = 60,1 

2i.a: + 3j.^= 48, ) 
4^.a:+10j^ =126,1 

4 l.a: - S^.y = 6, 1 

k^ - h/ =2./ 



bQ, When the equations are not given in the form of 
he foregoing examples, they must be reduced to that form 
►y the rules before employed. Thus, 

Ex.l. If 2(.+^) = 3(>-;5,)-.10,l fi„d,,„^ 
and 2a: -^ = 4(2^ - a:) + 3, J ^ 

From 1st equation, 2a: + 2^ = 3a: — 3y + 10, 

or 5^-07=10 (1) 

From 2nd equation, 2a: - y = 8^ — 4j: + 3, 

or 6a: -9^ = 3, 
or 2a:-3^ = l (2) 



The reduced equations, then, are 5^ — a? = 10, 



and 9.x — Sy 



/-a?=10,) 
-Sy=l, J 



Multiply (1) by 2, 10^ - 2a: = 20, 



- 2a: = 20, ) 
-3y = l, j 



but from (2) 2a: - Sy 

adding. 

Also from (I) a: = 5^ -10 =15 -10= 5. 



21 
7^ = 21, /. j = -^ = S, 



-8^ = -9,) 
-9 =3, J 
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Ex.2. If?^ + 6 = ^+|, ] 

> find X and v. . 

5 "*■ "' 10 ' ' 
To clear of fractions^ 
multiply 1 St equation by 6, 4ar - 2^ + 36 = 6y — 3j? + 27, 

transposing, 4r + 3j? — 2^ — dy = 27 — ^^y 

combining, 7«» — 8^ = - 9 (0 

Multiply 2nd equation by 10, 6ar + 2y + 10 = 3^ + ar + 13, 

transposing and combining, Sx-y — Z (2) 

The two reduced equations, then, are 

and 5x 

Multiply the latter by 8, 40jr- 8^ = 24, ) 
and from (l), 7«» - 8^ = — 9, J 

subtracting, ^Zx = ZZ, 

• *• X ^ \» 
Also, from (2), y = 5a?-3 = 5-3 =2. 

Ex.3. If ^^ + 3 = ^,] 

> find X and v. 

a„d8-i^y = | + |, J 
4 2 3''' 

To clear of fractions. 

Multiply 1 St equation by 1 0, Xbx- 25y + 30 = 4j: + 2^, 

transposing and combining, 1 la; — 27^ = — 30 (l) 

Multiply 2nd equation by 12, ^^ — Zx-^^y = ^X'\' 4^, 

transposing and combining, 9^ = 9*^ — 2y (2) 

Multiply (1) by 9^ 99'»-243^=-270, ) 

(2) by 11, 99*^ -22^^ ^1056, j 

subtracting, 22 1^ = 1 326, 

1326 ^ 

^ 221 

Also, from (2), 9-2? = 96 + 2j^ = 96 + 12 = 108, 

_108 
• • J? — — ~ — — 1 ^» 

9 
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EXERCISES Q. 

Find the values of x and y in each of the following 
luations : — 

i(Sx-Zy) = 5lx-i/) + n,i 6y-Zx „ f 

V 5 '=^= T— > ,.x 2JP-3 



2 4 



(*) 2 



2 ^="~"3~'^ ^' 







(6) M = *2, 



1+1.-96 1 
l-l =46,) 



2 7 

(9) ^(«+2)+iCy-«)=2«-8, 1 
i(2j^ - Sx) + K8* + 6y - 4) = 3* + 4, ; 

(10) K3*-7y) = K2*+y + l)l 

8-K*-i')=6, / 

«-2 10-« y-10 



(n) 



5 3 4 ' 

2y + 4 2j +.y *+13 
~3 T"""" 4 ' 



^1--' ~9~+ Is ^*~ 6 

f(5a; + 3j, + 2) = i(9j^ + 6). 



PKOBLEMS 

DEPENDING UPON THE SOLUTION OF EQUATIONS OP TV 

UNKNOWN QUANTITIES. 



pROB. 1. The sura of two numbers is 26, and 
half of the greater of them be added to the third 
the other, the sum of these parts is 11. What ; 
numbers ? 

Let X and y be the numbers required, then, 
question, a: +-^ = 26. 

Also ~ = the half of one, and '^ = the third par* 

other, .*. by the question, - +*^=11. 

Thus, then, the problem is reduced to finding i 
from these two equations, 

a: +^ = 26,^ 
and I +1=11,} 

Multiply the 2nd by 6, Sj: + 2^ = 66, | 
1st by 2, 2j? + 2^ = 52, J 

subtracting, or = 14. 

Also ^ = 26 - or = 26 - 14 = 12. 

.'. the numbers required are 14 and 12. 

These values are correct, '.• 14 + 12 = 26, 

and-— + -— = 7 + 4= 11. 

Note. It is not absolutely necessary to have 
known quantities, x and ^, here. The Problem maj 
solved as follows : — 

Let X be the greater of the«two numbers, 

then 26 - a; is the other, by the question, 

X 

••. - is the half of the greater. 
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and — - — the third part of the other, 

X 2o ~~ X 
^^ o"*" — o — =11^ by the question, which is a simple 

equation of one unknown quantity. 
Multiply by 6, 3x + 52-2x = 66, 

/. J? = 66 — 52 = 14, one of the numbers ; 
and 26 - a: = 26 - 14 = 12, the other. 

Prob. 2. I have as many shillings, and pennies, as 
:ogether make £l, 5s. Od., and if the pennies were shillings 
md the shillings pennies, then I should have only 14^. 
How many have I of each ? 

Let X be the number of shillings, 

y pennies, 

then X shillings = 12j? pence, 
£l. 5s. = 300 pence, 
.". 12j? + y = 300, by the question, (1). 
Again, y shillings =12^ pence, 

14fS.= l68 pence, 
,•. 12^ + a? = l68, by the question, 
From(l) 144a: +12^^ = 3600, 

.*. subtracting, 143x = 3432, 
3432 



j? = 



143 



= 24, the number of shillings. 



and V = 300 - 12a: = 300 ) ,^ , , . 

f = 12, the number of pennies. 

Prob. 3. Seven years ago a father was 4 times as old 
s his son, but in seven years more he. will be only twice 
a old. What is the age of each ? 

Let X be the son's age, 
y the father's age, 
then or - 7 = son's age ^ years ago, 

^ ~ 7 = father's 

x-hT'^ son's age in 7 -^eat^ xaot^^ 
j^ + 7 = father's 
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/. by the question, 

y-7 = 4(a?--7),) from which equation 
and ^ + 7 = 2(ar + 7) J remains to find x and , 

or y - 7 = 4x - 28,1 

^ + 7 = 2a? + 14,) 

subtracting, -14 = 24r-42, 

/. 2j? = 42-14 = 28, 

/. a? = — = 14«, the son's age, 

and ^ = 7 + 4(a: - 7) = 7 + 28 = 35, the father's age. 

Prob. 4. I have in my purse a sum of money consif 
of sovereigns and half-crowns: If I had twice as n 
sovereigns and half as many half-crowns, I should \ 
£20. 10^.; but if I had half as many sovereigns, and t 
as many half-crowns, I should have only £ 7. What ii 
number of each coin ? 

Let X be the number of sovereigns, 

and y half-crowns. 

Then ••• 2a? sovereigns=20x2a? shillings =40j? shiUii 

and 'x half-crowns = 2Ax^ =~- 

2 ^2 4 

and £20. 10^. = 410 shillings, 
-•. by the question, 40a: + -^= 410, 

or dividing by 5, 8j? + |= 82, 

or 32a?+^ = 328 (1). 

Again, - sovereigns = 20 x - , or lOi; shillings, 

At 4t 

and 9.y half-crowns = 2| x 2^, or 5^ shillings, 

.*. by the question, 10ar+5y= 140, 

or 2j:+^= 28) . 

but from (1) 32a?+^ = S28i ^ ^* 

.*. subtraxrting, SOjt = 300 ; 

30 ^ 
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Also from (2) y = 28-2j? = 28-20=8, the number of 
P-crowns. 

Pbob. 5. An orange- woman bought oranges, and afler- 
*ds forgot the price ; but she recollected, that she paid 
them in shillings and halfpence — that the number of 
b coin was the same — and that she had as many dozens 
)ranges as the number of shillings and halfpence taken 
sther. What was the price per dozen ? 

Let X be the price per doz. in pence^ 

le number of shillings paid^ and also the number of half-* 
ice, 

en 2^ = number of dozens of oranges^ by the question, 

and 2y X X or 2a^ = cost of all the oranges, tn pence, 

but the cost of the whole is y shillings +y halfpence, 

or l^i^+^pence^ 

,\ 2^jr = i2^+|, 

2a? = 12 + J, dividing by y, which is in every term, 
.', or = 6 + i , or 6^d, the price per doz. required. 

In this solution two unknown quantities have been 
3loyed, but one only being required^ and the Problem 
furnishing a second equation, tne other disappeared by 
ision. It may serve to shew the convenience of sometimes 
ig two unknown quantities to obtain the value of one only. 

Another method of solution is as follows, assuming a: to 
resent, not the number required^ but the number of each 
1 paid for the oranges ; then 

* whole cost of the oranges = x shillings + x halfpence, 

X 

= 12a? + - pence, 

the number of dozens ... = a? + a?, or 2a?, by the question, 

, whole cost 

/. price per dozen ... »= r^^i 

^ ^ number of dozens 




-6\i- 
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Prob. 6. A certain fraction becomes 1, if 1 be added to 
its numerator ; but if 2 be added to its denominator, it 
becomes ^. Find the fraction. 

Let - be the fraction required ; then, adding 1 to the 

numerator^ the fraction becomes , 

*c + 1 
.*. by the question, = 1 ; 

or, multiplying by 5(, x^■\^y^ (l). 

X 1 

Also, by the question, = - , .*. 2jr =^ + 2, ... (2). 

But from (1),^ = a: +1, ,•. 2a? = j?+ 1 + 2, .*. ar = 3. 

X 3 
And ^ = 0? + 1, .*. ^ = 4«, •'• - = T ^ the fraction required. 

Prob. 7. There is a certain number composed of two 
figures or digits, which is equal to four times the sum of 
its digits; and if the digits exchange places the numbei 
thus formed is less by 12 than twice the former number. 
What is the number ? 

Let X be the digit in the lens' place, 

y units' . . . 

then 10a? +y is the number, (just as 23 = lOx 2 + 3,) .•. h] 
the question, 

10j?+y = 4(j?+^), 

= 4«» + 4^, 

IOj? — 4j? = 4y - y, 

6x = 3y, 

^^=!/ (1) 

Again, if the digits be reversed, lOy + « will be th 
number, .*. by the question, 

lOy 4- a? = 2(100? +^) - 12, 

= 20j? + 2^-12, 

19a?- 8j^ = 12, 

19a? - l6a? = 12, •.• ^ = 2a?, from (l), 

3a? =12, 

.'. a: = 4; andi/=^x = S. 

the number required is 48. 
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Pros. 8. Iron, worth £lO. in its raw state^ is manu- 
ictured half into knife-blades and half into razors, and is 
len worth £444. But if one-third of it had been made 
ito razors and the rest into knife-blades, the produce 
'ould have been worth £30. more than in the former case, 
low much is the value of the original material increased 
y these respective manufactures ? 

Let £l. in raw iron become x£, in knife-blades, 
and y£,,,, razors ; 

ten, *.* £5. in raw iron is made into knife-blades, and £5. 
so into razors, by the question, 

5a? + 5^ = 444 (1) 

Again, on second supposition, J of 10£. in raw iron, 

at is^ -^^- ^s made into razors; and § of ]0£., that is^ 

'£. is made into knife-blades; .*. by the question, 

20 10 ,,, «^ 

or 20x + iqy = 1422 (2) 

Now from (1) IOj? + lOy = 888, 
subtracting from (2), IOj? = 534, 

.-. jr=^ = 53T = £53. 8j. 

Also from (1), 5y = 444 - 5j? = 444 - 267 = 1 77, 

.-. 5( = — ^ = 35f = £35. 8s. 

Hence, every pound's worth of raw iron is increased in 
due to £53. 8s. if made into knife-blades; and to £35. 8s. 
made into razors. 

EXERCISES. R. 

1. Says Charles to William, If you give me 10 of your 
arbles, I shall then have just twice as many as you: but 
lys William to Charles, If you give me 10 of yours, I shall 
len have three times as many as you. How many had 

2. A man, who has two purses eoTi\«jLTL\Tk^"Kvci^^'^^^^- 
ives £10. to add to them, and fends \5[\a\.\^V^^^'^'^ ^* 
o eacbj one will then contain exacXX^ Vw\<i^ ^^ xs>k^<»^^ ^"^ 
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the other, but if he puts the whole £lO. into that-v 
ahready contains the most^ its contents will be just 
times the value of the other. How much was there in 
purse to begin with ? 

3. A party consists of men and women, and thei 
6 men to every 5 women ; but if there had been 2 mei 
and 2 women more, the number of each would have 
the same. How many are there ? 

4. A clergyman, who had a dole of £5, 10s, U 
tribute amongst a certain number of old men and wi' 
found that, if he gave them 3s, each, he would be Is. i 
pocket ; but, if he gave each of the men 2s. 2d. and es 
the widows 3s. 6d.^ he would have 6d. to spare. How 
were there of each ? 

5. There is a certain fraction which becomes equa 
when both numerator and denominator are diminished 
but, if 2 be taken from the numerator and added to tl 
nominator, it becomes equal to ^, What is the fractic 

6. What is the fraction in which twice the sum 
numerator and denominator is equal to three times 
difference ? 

7. Find two numbers such that one shall be as 
above 10, as the other is below it, and one- tenth of 
sum equal to one-fourth of their difference. 

8. Find two numbers such that the half of one 
to a third of the other is 12, but a third of the former 
to half the other is 13. 

9. A person has two casks with a certain quanl 
wine in each. He draws out of the first into the sec< 
much as there was in the second to begin with: th 
draws out of the second into the first as much as was 
the first : and then again out of the first into the sec< 
much as- was left in the second. There are then e 
8 gallons in each cask. How much was there in each a1 

10. In the course of last century the change took 
called ' the change of Style\ which consisted in beginni 
year with Jan. 1, instead of March 25, as heretofor 
for that year only, calling the day after Sep. 2, the 14 
stead of the 3^. Now the year of our Lord in whic 
happened, possesses the following properties: — Th 
digit being 1 for thousands, the second is the sum 
third and fourth, the third is the third part of the sun 
fouFj and the fourth is the fourth part of the sum of tl 

two. Determine the year. 



INVOLUTION AND EVOLUTION. 



67. Dbp. a quantity multiplied by itself once> or suc- 
Tesrively more than once^ is said to be involved, or raised 
!o a certain power, and the power to which it is raised is 
narked by the number of times the quantity occurs as a 
^actor in the multiplication. 

Thus a X H) or a*, expresses that a is raised to the 2nd 
lower, because a occurs twice as a factor ; and so on. See 

Involution, therefore, differs not in reality from MuUi^ 
rdication^ and requires no rules different from those already 
pven. 

It may, however, be worth while to observe here the 
particular results in certain cases, when Multiplicand and 
Multiplier, as in Involution, are both alike. Thus, 

Ist. Any simple quantity, of one letter, as a, is raised 
to the 2nd power, or squared, by doubling its index. For 
example^ 

a, or a^, squared is a\ 

a* a*, va»xa»=a»*'=a*, (Art. 24.) 



a* a% \' t^xa*^a**^=a\ 

and so on. 

2n^. Any product, or quantity of two factors, as ab, is 
raised to the 2nd power, or squared^ by squaring each factor 
separately, and taking the product of those results. For 
example, 
ab squared is a*&*, v abxab= abab=aabb (Art. 5)=aV; 

M a*b\ •.• (^bxa*b=a'ba*b=a'a*bb =. a*b'; 

aV fl"6% ••• a6'xfl6«=fl6«a6«=iw6«6« = a«6*; 

and so on. 

Similarly, Sxy squared = Sxy x Sxy = S x Sxxyy « Qx^y* ; 

2a6c squared s^a'^c"; squaring each factor 
separately^ whatever be the number of them. 

Srd. Any fraction, as ^ , is squared b^ W3^wvR%^^xsa.* 
aerator and denominator separately « ¥ot esvnv^^t 

7 
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J squaredis gj, v j- x ^ = gj (Art 40)=gi; 



>JLI 



• •••••• 






-- -zr-m ; and so on, whatever the fraction be. 

^y 9y' 

4th. Any quantity of two terms ^ both positive, as fl + i, 
squared by squaring each term separately, and adding 
the sum of these twice the product of the two terms. Fo 

+ 6 squared is fl*+i* + 2ff6, See Art. 2S, Ex. 4, 

that is, the square of a + the square of 6 + twice the jproi 
ef a and 5. 

5th. Any quantity of ^wo terms^ one of which is negati 
as a — b, is squared by squaring each term separately, a 
subtracting n'om the sum of these twice the product o£ ' 
two terms. For 

a-b squared is a' + 5*-2a6. See Art 23, Ex. 5. 

This case comes under the same rule as the preced 
one, if the quantities are taken along with their proper ng 

Ex. 1. (l+a:)'=l' + j:* + 2xlxar=l+a:*+2j?. 

Ex. 2. (1 -«)•= l' + a:*-2 X 1 xa: = l +V- 2x. 

Ex. S. (2 + ar)'=2' + a:'+2x2xar = 4 + jr' + 4dP. 

Ex. 4. (2x -t/f = (2ar)' +^* - 2 X 2a? x^ = 4ar* +^* - 4«y. 
• Ex. 5. (2a + 3ft)» = (2a)*+ (S6)"+2 x 2a x 36=4a"+96*^lS 
, Ex. 6. (a6 - ly = {aby + 1«- 2 x a6 x 1 = a'6" + 1 •« 2aft 

. 58. The last two Rules may be used with effect soi 
times in Mental Arithmetic, as it is called, which me 
Arithmetic worked in the mind and memory, with 
writing,. Thus suppose the square of 25 be require 
since 25 = 20 + 5, 

.*. square of 25 = square of 20 + 5> 

= square of 20 + square of 5 + twice prod 
of20and5, 

= 400 + 25 + 200, 

= 625, 
aU which may be readily done m t\ie tdmi^ WCtiauX. ^wTw>i 
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Again^ the square of 15 = the square of 10 + 5^ 

x=10* + 5»+2x5xl0, 
= 100 + 25 + 100, 

= 225. 

The use of this method, however, will be best seen, in 
larger numbers: thus, required the square of 499; since 
*99 = 500-l, 

•. square of 499 = square of 500 - 1, 

s: square of 500 + square of 1 — 2 x 500 x 1, 
= 250,000+1-1,000, 
= 249,000 + 1, 
= 249,001, 

dl which may be readily done in the mind without actual 
writing. 

59. It is to be observed that a quantity of one term 
iquared is still of one term ; and a quantity of two terms 
iquared produces a quantity of three terms. Hence no 
\u€mHt^ of two terms can have been produced by squaring^ 
Jiat is, can be a complete square. 

It should also not be forgotten, that, although the square 
)f ax& is a'xb*, the square of a + b is not a*+b', but 
}'+ 6' + 2a6, a and b representing any quantities whatever. 

EXERCISES. S. 
Square each of the following quantities : — 



(1) Box. 

(2) Saxy. 

(3) - 7ab. 

(4) a'bc. 

(5) - Ta'ftc?. 

(6) ^. 



(7) 



C 

Sax 



4a'5 

2*" 
4 



(9) 
(10) 

(^^) 5^- 

(12) a+1. 

(IS) ab + 1. 

(14) x + 3. 

(15) 2-y. 

(16) Zm-n. 



(17) 24? -3y. 

(18) ;.-|. 

(19) * + |. 

(20) mx-^-n, 

(21) ^mx-^n. 

(22) abx + c. 
(^"^ ^x\j - a* 

(5lA^^ \ab -v c. 



\ 
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60. Evolution is precisely the reverse operatioii 
Involution, We have to evolve, or extract, the quantity caB 
the rooty by the involution of which the proposed quantity 
produced. Thus, to evolve^ or extract, the square root ofi 
IS to find the number which being squared produces 8 
that is^ 5. Hence the square root of a' is a, because a is ,t 
quantity which being squared produces a*; and so on. 

61. To extract the square root of a simple quantity, 
one letter, as a, we must halve its index. Tnus^ 

the square root of a' is a' or a, \' axa = a*, 

the square root of a* is a\ •.' a'xa's^a^; 

and so on. 

62. To extract the square root of any product, of ti 
factors, we must extract the square root of each fact 
separately, and take the product of these results* Th 
writing ^ for * the square root of, 

Jab = Ja.sJb, \^ Ja.Jby,Ja.Jb = Ja.Ja.Jb.Jb^t 

J^b = Ja\Jb, \' Ji'.JbxJ7\Jl^Ja\Ji\^.Jb^a' 
and so on; from which it appears that Ja.Jb squat 

produces a6, and .'. Ja.Jh is the square root o£ ab; ai 
similarly for any other product of two factors. 

By the same method of reasoning it may be shewn ll 
the square root o^k product of three or more factors is fou: 
by taking the square root of each factor separately, Th 
Jabc = J a , Jb.Jc; and so on. 

63. To extract the square root of a fraction we mi 
take the square root of the numerator and denominal 
separately. Thus 

which shews that ^ is the quantity which being squat 

a n. 

produces t, and therefore it is the square root of y . 
jr« /J^_J}W _10 79? .yg? 3a 
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64. To extract the square root of a *' complete square"^ 
tf three terms, arrange the terms according to the powers of 
iome one letter, (as in Division), and take the sum or dif- 
erence of the square roots of the extreme terms, taken 
eparately^ according as the sign of the middle term is + or -. 
Thus, a' + Zax + x* is a complete square arranged according 

o powers of a, and its square root is Jt^-^Ja*, or a + a, 
,' a + x squared produces a' 4 2ax + or*. The square root 
if a*— 20* + jc* is a — a?, for the same reason. 

Ex.1. ^fl»+ 1 + 2a = 7«' + 2a + 1 = Jlo^-^Jl^a + 1. 

lEx.2. V** + 9-6a? = 7a:*-6ar + 9 = V^-V9-«-S. 
Ex. 3. ^4 +y-4^= ^y-4j^ + 4=^--7i=3f~2. 

Ex.4. y^-pa:+^ = V?-y2 = ^_|. 

Ex.5. >ya:' + 3a: + | = ^+y| = x + |. 

Ex. 6. Jm*a^ + 2mnx + »* = Jm*a^ + */«* = ma? + n. 
Ex. 7. Jgx'f^Gaxtf-ha^ = Jg^Y-J^^ Sxy - a. 
Ex.8. J^^&lTabcT? =- J{^ -¥ J^ ^ \ah ■¥ c. 

65. Since either + a, or - a, multiplied by it^elf^ pro- 
luces a'^ therefore strictly speaking, the square root of a 
|uantity has always a double sign, which is wri tten thus ^ 

ind is read ^plus or minus*. Thus Jc^ is =»= a ; ija'b' is * ab, 

J a' + 2a4? + jc* is ±(a + a?) ; and so on. 

To shew that —(a + x) is the square root of a'+ 2aj? + «*, 
18 much as a + or is, let us multiply —(a + x'S by itself; 1st 
[temovinff the brackets, by Art. 44, - (a + «) = — a - «, and 
;lii8 multiplied by itself as under 



— a — « 

— a — J? 



a* + ax 



+ ax + a^ 
a' + 2ax + x' 

* By a '* complete square*' is meant a quantity which has been pro- 
Ittced, or may be produced, by sqimriiw «o\xve oVVici <\vjaxv.'CvVj ^ wsl^-^^^^. 
h fire fore hafi. w fi^aci ^quar^ yoot, Tn\ia ^5 \* i^ ^ cwsi^^'eXft^^ajaaa^ ^"sb^ 
6Unot, , 
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produces a* + 2fla: + .Jr", /. — a — jr, or — (a + «) is the s^fuare 
root of a* + ^ax + «*. ^ 

66. By observing the relation which exists between 
the parts of complete squares of three terms arranged 
according to the powers of one letter^ as x' + ftax + a*; 

a^ —px + ^y «* + 6jr + 9* &c., we see that the square of 

the middle term is always equal to 4 times the product of 
the extreme terms, and that no three terms can form a 
complete square which does not fulfil this condition. 

Exs. x*—lx-¥\6 is not a complete square^ althonsh^ 
and 16 are both squares, because (7<r)^ or 49^' is not equal 
to 4xl6.ir'. But jr'- 8j: + l6 is a complete square^ vi». the 
square of j? — 4, since (8ar)' or 64af* = 4 x l6af*. 

Hence, if in any proposed case we are allowed to add 
to two terms another which shall make the three, when 
arranged according^ to the powers of one letter, a oompUit 
square, the added term must be such that the square of 
the middle term is equal to 4 times the product of the 
extremes. 

For example, if x*-¥px is to be made a complete square 
by adding another term, suppose the unknown term to oe^, 
then, by the supposition, ^r" + px +^ is a complete square, and 
by the rule which applies to all complete squares of three 

terms, (px)' or p^x^ = 44/x^f /. ^ =£. , and 

.*. or* + pj: +^ is the complete square. 
Similarly, i£ to a^ — pof there be added ^ , the resulting 
quantity x^—px+^ is a complete square, viz. the square 

Exs. To x' + 6x add ( - j , or 3*, and the root is « + S. 
Toar«-8« ..,(^\or4/', ar-4. 



To x'-Sx ... (|V 



5 
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2 /iV . 1 

To «* + 5* add ( - j , and the root is or + - . 

To*'-|,...gy, x-|. 



EXERCISES. T. 

Extract the square root of each of the following 
oantities :— 



(1) *a'b\ 

(2) 9**^. 
(S) lOOa'iV. 

9«V 



(*) 
(5) 



46» • 
4a'b* 

9*y' 



-_- • 1 m*x* 



(7) l+a?'-2JC 

(8) 4j?"+4jp+1. 

(9) 4a" + &• - 4fl*. 

(10) 9«* + 6x + 1. 

(11) «* + ar + --. 

4 

(12) *' + i-2. 



Complete the squares in each of the following cases :— 



(IS) 
(14) 



X* - 12j?. 
«■— 14a:. 



(15) or* +110?. 



(16) 


«' + 2«. 


(17) 


«* — *. 


(18) 


, 4x 



(19) 

(20) 
(2!) 
. (22) 
(23) 
(24) 



, 2« 



3 

X — -^x» 
o 

10 i 
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67. Dep. There are two sorts of Quadratic ] 
tions. 1st. Those which^ either at first, or after redi 
by the rules of Arts. 46... 49, contain no other power 
unknown quantity but the 2nd, as a:\ — ^these are called 
Quadratics. 2na. Those which contain no other po¥i 
the unknown quantity but the Jlrst and second, as . 
x\ — ^these are sometimes called Adfected Quadratics. 

68. Pure Quadratics are solved precisely as i 
Equations^ considering a^ as the quantity sought i 
first instance. Having found the value of a^, it th< 
mains only to extract the square root of the equal quai 
and X is found. Or the unknown quantity may 
involved as to present an equation (either at firsts 
reduction,) of the form (x — flr)' = 6; then extractir 

square root, we have x — a = ^Jb, and .•. or = a ± ^, 

Ex. 1. If 3x^-2 = ^x^ + 2, find x. 
Transposing, So?* - 2x» = 2+2, 
■ combining, a^ = 4, 

... 0? = ^4 = =*= 2. (Art. 6^;. 

To clear ofi* fractions, multiply by 48, the Least 
mon Multiple of the Denominators, 

I6a:'-I2ar«-Sa:»=l6, 

combining, a?* =16, 

.•. ar = yi6 = *4. 

Ex. 3. If 7 (2a:^ - 6) + 5 (3 - x') = 198, find x. 

Here 7(2jr*-6) = 14a?*-42, and 5(3-a^) = 15 

.'. erasing brackets (Art. 44), 14*'-42 + 15-5j:* 

transposing, 14^' - 5ar' = 198 +42-15, 

combining, Qx^ = 225, 

225 
dividing, x^ = — = 25, 
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Ex. 4. If -^ + ^-^= 3, find x. 
S+a? 3-a; 

Multiply hy S + Oy 4 +-s — :^ =g + Sx, 



transposing^ 



S-x 
12 + 4ar 



= 5 + Sjr, 



3-x 

multiply by 3 - «, 12 + 4a: = 15 + 9* - 5jp - S**, 

transposing, Sa:* + 4* + 5x-9*= 15 — 12, 
combining, 3^ = 3, 

dividing, ^ = 1, 

/. or = =b 1. 

Ex. 5. If (4a? - 5)* = 4j:', find x. 
Extracting root, 4x-5 = =fc2a:, 

4x 7 2*7 = 5, (7 is read * minus or plus*), 
.*. 2a? = 5, or 6x = 5y 

•••'«? = 2 = 2i, ora? = g. 

EXERCISES. U. 

Find the values of x in each of the following equa- 
ms:-— 






(a? + l)» = 2a?+17. 
(a? + 2)* s= 4a? + 5. 
(2a?-5)' = ar»-20a? + 73. 



3a?»-2 



5 

2j?' + 10 
15 



«7- 



^ 2ar'~5 
3 

50 + or* 
55 ' 



(8) 13f-J = 2a?«-8f. 



^^^ l+a?'^l-x 
(10) i- ^ 



= 8. 



(11) 



«• 3a:«+l 4(3a?'+l) ' 

14ar'+l6 2;p*+8 Sa?* 
21 



8a?*-ll 3 * 
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69. Adfected Quadbatics are solved by the following;' 
Rule :— 

1st. Employ the methods given in Arts. 46... 49 for 
clearing, transposing^ combining, &c. until the equation is 
reduced to three terms, in the form aa^-^bx^Cy having 
collected all the terms containing x^ into one^ as ax*, and 
all those containing x into one^ as bx, to form one side of 
the equation^ and placing the known quantities, as c, on 
the other. 

2nd. Divide the whole equation by the coeificient of 
X*, bringing it into the form x^ -h -x = -, replacing -^ 

and -, by whole numbers, if they admit of it. 

3rd. Add to each side the square of half the coefficient 
of Xf which will make the left side a complete square, 
(Art. 66). 

4th. Extract the square root of each side, and the 
result will be a simple equation, from which x is readily 
found. 

Ex. 1. If Sj:*-12ar+32 = j:*+12x-33i find j?. 
Transposing, 3a?* - a?* - 12a? - 12ar = - 32 - 32, , 

combining, 2j:* — 24i» = — 64, 

dividing by 2, «* - 12ar = - 32, 



adding ( 



12V 

~j,or6», dr«-12jr + 6» = 36-32 = 4, 



extracting root, a? - 6 = ± 2, 

/. 4: = 6±2 = 8, or 4. 

Upon substituting these values for x in the original 
equation both of them are found to satisfy it. 

Ex. 2. If 5(ar*-5)-2x(ar-.l)=60, find x. 
Since 5(a:*-5) = 5x^-25, and 2a: (ar-l) = 2**- 2jp, 

.-. 55?* - 25 - 20:* + 2ar = 60, (Art 44,) 
transposing, 5a^ — 2a^ + 2 j? = 60 + 25, 
combining, Sx* + 2a? = 85, 

dividing by 3, a^-^t -x = -^ , 

■o o 
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^\s)' S *W » \9_ 9 9 ' 

extracting root, , + 1 = ^^=*^, 

= 5, or -5|. 
Ex. 3. If x* + px= q, find x. 

Adding ^) , «•+;.« + (l) = (|y+ g, 

P' 

extracting root, « + £ = ± ^ -- + q^ 
•/ the root of ^ + j can only be thus expressed, (Art 59). 

This being true whatever numbers p and q stand for^ it 
s called the general solution of a quadratic equation^ as it 
ncludes every particular equation of that form. 

Thus, if j:* + 4a: = 12, here p = 4, and q = 12, 

-« 4 / 1 6 jsubstituting for pand q in the above re- 
• *'"'' 2 V 4 "^^ jsult their values in this particular case, 

=-2±J^ = -2±4 = 2, or-6. 

And in every such equation it will be easy to write down 
t once the values of x by remembering the general solution, 
saving only a little arithmetical working to simplify them. 

Ex. 4. If r 7 = 1, find jr. 

d:-l or + l 

Clearing fractions, «* + 2j? + 1 — (»* - 2j? + 1) =*4r* — 1, 

aj*+ 2a: + 1 - or* + 2d? - 1 « jc*-!, 

combining, a?' - 4a: = 1 , 

adding {■t\ , or 4, "»'- 4ar + 4 = 5, 

extracting roo^ « — ^ = '*=J"5, 
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If 


111 

X x+l x+2' 

Jt+l + X 1 

a?' + x x+2 


find J?. 




(2ar+l)(a? + 2) = 
2ar* + 5 « + 2 = 


' JT •¥ Xf ' 




a?* + 4x = 


=-2, 




j;* + 4jr + 4 = 


= 4-2 = 2, 




;r + 2 = 

• • X — 


= *72, 
= -2 ±72- 



70. There is another method of '^ completing the square" 
in a quadratic equation, (called the Hindoo method), which 
has been too much overlooked by writers on Algebra, for it 
has decidedly the advantage of tne common method in many 
cases, as will be seen from the subjoined Examples. 

The Rule is, when an equation is in the form aa^+bx^rC, 
(where b and c may be either positive or negative) multiply 
both sides by 4a, that is, 4 times the coefficient of x', then 
add to both sides b', that is, the square of the coefficient of «t 
and the left hand side will be a ^' complete square'^ without 
introducing fractions, as in the other method. 

Ex. 1. If 3ar* + 2jr = 85, find x. 
Multiply by 4 X 3, or 1 2, S6a^ + 24a? = 1 020, 
add 2", or 4, S6a?2 + 24j' + 4 = 1024, 
extract root, 6a? + 2 = =*= 32, 

6jr=±S2-2=30, or-34, 
.*. a: = 5, or — 5|. 
Ex. 2. If ^a^-Qx + 2i = 0, find x. 
Transposing, 5x' — 9*^ = — 2 J , 

multiply by 4x5, or 20, 100jr'-180jp = -45, 

add9«, or 81, 100a?*-180jr + 81 =81-45 = 36, 
extract root, 1 Oar - 9 = ^ 6, 

10* = 9±6 = 15, or 3, 

15 3 

,•. J? = — , or — 

10' 10 
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EXERCISES. V. 
Find the values of jp in each of the following equa* 



is: — 

a^^3x+ 10. 

a:«-9jr = J?-16. 
a:«-14jr = 120. 
12ar - 20 = or*. 
4d: — «* = 4. 
7 J? — a:* = 6. 
jp = i* - SO. 

ar» + ^ - S. 
2 

• 3x _^ 

^-- = 27. 

2 
9x-5ar' = 2i. 

7a? + S«* = 6. 

or" So: ^, 
-^+-;r-21. 
3 2 

*r 

S 

;[la:«-9jc=ll^. 

3jc* - 5ar + 2 = 0. 

la?'- lor -.21-0. 
2 3 ^ 

' i 8 3' 



) 5(«'+l)-3(«-l)=22. 
) a:'-4 = l6-(jf-2)*. 



(24) 
(25) 

(26) 

(27) 
(28) 

(29) 
(30) 

(31) 

(32) 

(33) 

(34) 

(35) 

(36) 

(37) 

» 

(38) 
(39) 



|(x«-3) = l(.r-.3). 

3(2-ar)+2(S-j?)=2(4+3arO* 

IS 
a?* + (or + 1)* = g-«(a? + 1). 

4(^-1) -^ = 3|. 

6 2 „ 
- — -+- = 3. 
*+ 1 a? 

80 _ 80 ^ 

ar + 4 « 



jy-l a? + 3 35* 

X •+ 2 4 — jr 



« — 1 2a: 
4a? 4(5 — 0?) 



= 2 J. 
= 15. 



5^x X 

3a?-7 _g, 4(ar-2i) ^ 

X ' or + 5 * 



= 3. 



4ar~^ 2ar~3 
3a? - 7 a? - 1 

7 + a? 7-0? 9 
7^^7T^=^^; 
Sxr-S , 135 34! -¥5 



3x+5 


176 ~ 


3a:-5" 


3a?+2 
3x--2"^ 


3a?-2 
3a?+2 


15a?+ll 
3a?+2 * 


3 


2 


8 


5-0? 


4-4p'^a?+,2* 


2a? + 3 


2a? 


/?! 


lO-or 


25-30? T 


x-v% 


, ^ 


^XVVSr. 



X-\-\l X-V^ • '%X Ar'^ 
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71* When there are itvo equations and two unkuo' 
quantities^ and the rules have been applied^ as in Sim 
jSquations, for reducing them to one of one unknown qiu 
tity, the resulting equation will sometimes be quadraii 
and^ if the unknown quantity be found from this equati 
by one of the methods just laid down, the other unkno" 
quantity may be found by substituting the value of the f! 
mer in one of the prc^osed equations^ and solving 1 
resulting equation^ which will then contain only one i 
known quantity. 

Ex.1. If2jr-8= x-v,)^ , , 

•I r^ *i t find X and y, 

and a?y-y = 2x + 2, J ^ 

From 1st equation 2a: - « = 8 -^, 

.•. afasS— ^, or^ = 8— J?; 

substituting this value of ^ in the 2nd equation^ 

ar(8- Jt) - (8 -;r) = 2ar + 2, 

8ar - JJ* - 8 + or = 2ar + 2, 

8dr + « — 2* = «* + 10, 

a?'-74P=:-10, 

••-'»a)'-f-'«=r. 

7 ^S 
2 2' 

•*• *-— ;^- = 5, or 2. 

z 
And^ = 8-« = 8-5, or 8-2, =S, or 6. 

Ex.2. Iff-3^ = Mfind,«,dj,. 
and 3« + 2^ = 8, J ^ 

Multiply 1 St equation by 2, 4jr* - 6xy = 4, ) 

2nd by So?, 9«* + 6«y = 24ar,i ' 

adding, 13a:' = 4 + 24ar, 

transposing, 1 Sx^ - 24a: = 4, 

, 24 4 

13 IS' 
24 ^HV-JL 14>4 52 + 144 I96 
^^"IS^'^W "I3"^(13y (I3)« "(13)«» 

12 14 
extracting root, *~1S"*13' 

I2±14 26 -a ^ -a 
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!y=8-Sar=8-6, or8+— ,=2, or S%, .•.y = l,or4^. 

is not suited to the design of the present work to go on 
i solution of more complex and difficult equations, 
I require the application of some artifice suggested by 
articular form in which each individual equation is 
, and for which no general rule can be stated. The 
ng student is referred to Woo^b Algebra^ ISth Edition, 
Appendix to which this interesting part of the sub- 
) treated at great length. 

EXERCISES. W. 
!nd the values of op and y in the following equations^: 



) 



) 
) 



) 



X -2y 



-2^ =0,) 
-2/ = 40j 

5ary-3y* =100,1 
- 4j^ = 0, J 



5x 



ix +2y = 0, ) 
iar«-S/ = 21J 



Sxy = 1, 
2* +Sy 



= 27,) 
= 28 J 

f 



(7> 

(8) 
(9) 



(10) 



lOr 



-« = 2. \ 
+5^ = 30^,/ 



2jf-Sy = 1, » 
-5/ = 20j 



2j:* + d:y 

bx -25^ = 4, ) 
Sx* + 4ary = S6, J 

« +^ = 5, ) 
a?'+y=13j 



(11) 3a?+2y=14, 



2«« + %* 



= 14,> 



fl2) ^=^ 



**+y-*y-7y=iJ 



PROBLEMS 



ENDma UPON THE SOLUTION OF QUADRATIC EQUATIONS. 



ROB. 1. Find the number which multiplied by the 
3f itself produces 50. 

et X be the number required^. 



X 



i^en - = its half, 



2 
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••. 4? . - = 50, by the question, 

a?"=100, 

.*. j^s^lO^ the number required; both +10 
and — 10^ satisfying the Problem. 

Pros. 2 The sum of £4. 10^., is equally divided amonj 
a certain number of persons, and each receives as many half 
crowns as there are persons altogether. What is the number! 

Let X be the number of persons; then each person re 
cdves X half-crowns^ or xx2i shillings; and .*. the sun 
received by all together = xxx x^i shillings; but the whol( 
sum is 90s. 

.•• X XX x^^s^go, by the questioq, 

5 ' 

/. ;r=<i:6; 

.*. the number required is 6, the negative value having n< 
meaning in this Problem. 

Pros. 3. A person bought a lot of pigs for £4. Jfo 
which he sold again at 13s: 6d, per head, and gain,ed by th( 
whole as much as one pig cost him. What number did h( 
buy? 

Let X be the number required^ 
then, ••• £4. l6s. is g6s., the cost price is — per head^ ii 

X 

shiUings^ 

and I3^xx = what he sold the whole for, in shillings^ 

.'. 13^ X j: - 96 = his profit^ 

qg 
Hence^ by the question, 13^x^-96 = — , 

X 

multiply by 2ar, 27** - 192a? = 192, 
divide by 3, Qa?- 64iX= ^V 
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, , ^, .64 /32V 64 1024 1600 

complete the square, x'-^ — x-^- \^—j = — + -^ = -^ , 

32 40 
9 9 ' 
S2±40 72 8 

•''' = —§ J'^^'-B' 

8 
-8, or--. 

.*. the numher required is 8. 

Pbob. 4. A gardener, who had no knowledge of Arith- 
meticj undertook to plant a certain numher of trees at equal 
distances apart^ and in the form of a square. In the first 
attempt, when he had finishekl his square^ he had 11 trees 
to spare. He then added one of these to each row^ as far as 
they would go, and found that he wanted 24 trees more to 
complete his square. How many trees were there ? 

Let X be the number in the side of the first square, 
then x.Xy or or'ss number of trees in the whole square, 

.•. a?* + 1 1 = all the trees, by the question. 
Again, « + 1 » number in a side of the second square, 

/. (ar+l)(ar + l), or (a?+l)'=all the trees in this square 
completed, 

.*• by the question, (a: + 1)*- 24 = x' + 1 1, 

ar» + 2ar + l-24 = a?» + ll, 

2a? = 34, 

.'. ar=17, and a?* « 289, 

.-. number oftrees=«'+ 11 =289 + 11 =300. 

Pros. 5. A printer, reckoning the cost of printing a 
book at so much per page, made the whole book come to 
£i6. It turned out however that the book contained 
5 pages more than he reckoned, and an abatement also was 
made of 2 shillings per page. He received £l3. lOs^ How 
many pages did the booK contain ? 

Let X be the number of pages in the book, 

320 
then v£i6 = 320j. the price he first reckoned was — s. 

per page, 

and '.' £13. 10^. = 270*., ftie ^pxicei tot «-v t>^^%^^ 
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270 
the price he received was -s, per page^ which was 2i. 

Jb 'T' O 

less than the former^ by the question^ 

320 270 



X Jf + 5 



+ 2, 



p • 



first divide by 2, = + 1, 

^ X x + 5 

l60x + 800 = ISbx + «• + 5x, 

d:'-20x = 800, 

x«-2ap + 100 = 900, 

«-10 = <fe30, 

.-. «=10^30r=40, or -20; 

the number of pages is 40; the negative 'wtXuB not being 
^ppUcable to this problem. 

Pros. 6. There are 4 consecutive numbers^ of which if 
the first two be taken for the digits of a number^ that number 
is th^ product of the other two. What are the 4 numbers? 

Let X, x-^1, x + 9!, ^ + 3^ be the 4 numbers required, 

then lOx + ;r + 1 = the number whose digits are x^ and «+ 1, 

. .'. by tlie question^ {x + 2) (ar + S) = lOx + dTTi, 

or «• + 5ar + 6 = 11* + 1, 
*•— 6d? = — 5, 
ar'-6ar + 9 = 9- 5 = 4, 

/. j. = 3±2 = 5, or 1. 

Hence the numbers required are 5, 6, 7, 8, or 1, 2, 3, 4^ 
both of which results satisfy the problem, 

V 56 = 7x8, and 12 = 3x4. 

Pros. 7* Twenty persons contribute to send a donation 
of £2. 8 J. to the Society for Promoting Christian Knowledge, 
one half of the whole being furnished in equal portions by 
the women, and the other half by the men ; but each man 
gave a shilling more than each woman. How many were 
there of each sex, and what did each person contribute ? 

Let X be the number of women, and y the contribution 
of each, in shillings, 

.'. 20 "X^ the number of men, aivd y -vl^ eotitdhutian 
ofe^cb, in shillings^ 
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hende xy = whole contribution of the women^ 

and (20-4?) (5f + l)= men, 

•% by the question, *y = 24, )^, 

From 2nd equation, 20y + 20 - *y - « = 24, 

24 
substituting from 1st, 20 x — + 20 - 24 - 4?= 24, 

X 

480 
or * = 28, 

X 

••. ** + 28* = 480, 
«•+ 28* + (14)« = 480 + 196 = 676, 
^ .-. ar+14 = «fc26, 

.-. j. = db26-14 = 12, or -40. 
And 20-jr = 20-12 = 8, or 20 + 40 = 60. 
.- 24 24 ^ 24 . -3 

and5, + l=3,or|- 

.*. the number of women is 12 contributing 2 shillings eachl 
and men .. 8 3 (' 

the other values of x andy, although furnishing a solution 
of the Equations, not belonging to this Problem^ 

EXERCISES. X. 

1. Find the two consecutive numbers whose product 
is 156« 

2. Find the three consecutive numbers whose sum is 
«qual to the product of the first two. 

3. Divide 20 into two such parts, that one is the square 
of the other. 

4. Divide 210 into two such parts, that one is the 
square of the other. 

5. Divide 25 into two such parts, that the sum of thehr 
squares shall be 313. * 

6. Divide 30 into two sucli patta, VSaaic ^<fc d^fierfsa^i^ <:^ 
their squares shall be 300. 
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7* The product of two numbers is 144, and if each 
number be increased by 2, their product will then be 200. 
What are the numbers? 

8. Find the number whose square exceeds the number 
itself by 156. 

9. Find the fraction which is greater than its square by ^. 

10. Two trains start at the same time to perform a 
journey of 156 miles, but one travels a mile an hour faster 
than the other and reaches the end of its journey just one 
hour before the other; at what rate did each train travel? 

11. A student travelled on a coach 6 miles into the 
country, and walked back at a rate 5 miles less per hour 
than that <^ the coach. He found that; he was 50 minutes 
more in returning than going. What was the speed of the 
coach? 

12. A person distributed £5 in equal portions among a 
certain number of poor men ; and another person did Uie 
same, but by giving each man a shilling less, relieved 5 
more. What was the number of recipients in eadi cas^? 

13. A person distributed £36 in equal portions among 
the poor of a certain place. The next year the same amount 
was distributed, but the number of recipients was diminish- 
ed by 6, and consequently each received Is. Sd. more than 
in the year before. What was the number of recipients in 
each year? 

14. Two travellers A and B start at the same time from 
two places distant 1 80 miles to meet each other. ^> travelled 
6 miles per day more than B^ and B travelled as many miles 
per day as was equal to twice the number of days before 
they met. How many miles did each travel per day ? 

15. The fore- wheel of a coach makes 6 revolutions more 
than the hind- wheel in going 120 vards; but if the rim of 
each wheel were increased 1 yard, the fore- wheel would then 
make only 4 revolutions more than the hind-wheel in the 
same distance. What is the circumference of each wheel? 

16. A person, who can walk forwards four times as 
fast as he can walk backwards, undertakes to walk a certain 
distance^ and one-fourth of it backwards, in a stated time. 
jHe finds that, if his speed per hour backwards were one- 
£fth of a mile less, he must walk forwards 2 miles an hour 

/aster, to gain his object. What is \i\& s^^^*^ 



NOTE ON EQUATIONS. 

72. The rule so frequently applied to clear an Equation 
effractions really belongs, in most cases> to common J riih^ 
tnetic, rather than to Algebra/ that is^ in all cases vhere the 
denominators of the fractions are arithmetical numbers. For 
example^ let the given equation be 

•I? 1 df 1 

V - =^.d?, - = -..dp, and so on, the equation becomes 

1 1 1 1 ,« 

— j: + — aPH — * — — dpsa 17. 

5 4, 3 2 '' 



/I 1 .1 1\ ,^ 



17 



i+i+i-i' 

which is the value of x, requiring only to be simplified by 
a process purely arithmetical. 

It is not meant that this method is more easy than the 
common one ; but by It a clear distinction is kept up be- 
tween common Arithmetic and Algebra; and whatever diffi- 
culty there may be in such cases, it is manifestly such as 
the student ought to have mastered before he commenced 
the subject of Algebra. 

73. Again^ the rule for clearing an Equation qfjrac^ 
iions may often be suspended as follows. Let the given 
equation be, 

6jr-4 ar-2 2j^ ^ 1. j 
■ Q, -<•- ?=-j^» to find or. 

6x — 4f 6j? 4 ,. , ^^ ■,-. 2dP 4 ,^ 

= ^ -ST (Arts- S3, 20) = — -~ , (Art. 35), 



• . 



21 21 21 ^ ' ' 7 21 



the equation becomes -;r- — -rr -v ^ e ~ -?r > 
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erasing and transposing, ^^^^ = — , 

21a?-42 = 20ar-24, 

This is a method which will often save much trouble. 

74. It may be worth while to give here a method also* 
of solving some equations of two unknown quantities^ 
which^ although obvious enough^ seems to have entirely 
escaped the notice of writers on Algebra. It applies to such 
equations especially as those in page 86 ; thus taking 

Ex.2. 54ar-121v = 15, ) - , , 

o/? ^J^ />, r to find * and v. 

Subtracting y 1 8a? — 44^ = — 6, 
multiply by 2, 36x - 88^ = - 12, ) 
from 2nd equation, 36x - 77y = 21, J 
subtracting, 11^'= 33, 

.\ y=3. 
And 18ar = 44y-6 = 132-6 = 126, .-. ar=7. 

iThis method saves all the trouble of finding the Least 
Common Multiple of 54 and 36, and is very simple through- 
out* 

Take another example fr^m p. 87> 

^'^ ;".'/" !?inN find. and^. 

1 030? - 28^ = 29, J ^ 

Subtracting 2j7 — 4^=— 34, 

multiply by 6, 12a? - 24^ = - 204, ) 
but 101a? -24^= 63,) 

subtracting, 89ar = 267* 

__267__„ 



Ex. 



And 4y = 2a?+ 34 = 40, .*. y = 10. 

57a? - 37v = 86, ) ^ ^ , , Ans. 0?= 8,) 

54a: - 35^ = 82, J ^ y=lQ-J 



RATIO, PROPORTION, AND VARIATION. 

75. Def. Ratio is the relation which one quantity 
bears to another in respect of magnitude, which relation is 
measured by the number of times the one contains the other, 
or by the part or parts the one is of the other, according as 
the one is greater or less than the other. Thus the Ratio of 
9 to 3 is 5, because 9 contains 3 three times ; and the Ratia 
of 3 to 9 is ^ because 3 is one third pari of 9. 

Hence j will always represent the Ratio of a to b what- 
ever numbers a and b stand for, because if a > &, 7 expresses 

the number of times a contains b ; and if a < 6, r expressed 

the part, or parts, a is of b. 

a : b 18 the abbreviated way of writing 'the Ratio of 

a Cm 

a to b': hence a: ^ ■= t • Similarly e : d = -z. Therefore if 

a c 

7 = -^, a : b^c : d, or the Ratio of a to 5 is equal to the 

Ratio of c to d. This equality of two Ratios constitutes 
what is called a ' Proportion'. It is usually written thus 

a : b :i c : d^ 

and is read < a is tob as c is to d\ 

• 2 4 
Thus, since - = 7 , 2 : 3 :: 4 : 6, that is, 2 bears the 

same relation to 3 in respect of magnitude, which 4 does 
to 6; and 2, 3, 4, 6, are cs^\e^, proportionals. 

It will be necessary, therefore^ for the student constantly 
to bear in mind, with respect to Ratio and Proportion, these 
two things, viz. 

1. That the measure of any Ratio a : 5 is t ; 

a c 

2. That, ii ai b:i c : d, then t = t; 

for as soon as a ratio is converted into sl fraction, or a pro^ 
portion into an equation, Xhen, of course the Rules before 
given for fractions and equations are immediately appli- 
cable* ^ 
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Ex. 1. Which 18 greater, the ratio 7 : 4?, or tihe ratio 

8 : 5? 

7 
7 : 4 is measured by -, ] •*. 7 : 4 > or < 8 : 5 

8:5 -J according as ^ > or < I , 

or, bringing the two fractions to a common denominator, 

35 32 

according ^s ^^ > or < ~, 

, 35 32 /^ 35 32 3 \ ^ ^ ^ _ 
and — r >-— : , I for — r = -r;: + r— b .*. 7 : 4 > 8 : 5. 
20 20 \ 20 20 20/ 

76. If the terms of a ratio be multiplied or divided by 
the same quantity, the value of the ratio is not altered* 

For let a : b be any ratio, then 

fl : i = r (Art. 75), and t = — r > (Art 34), 

, ma f 

/. fl : 6 a? — - r= wo : mo. 
mo 

Conversely ma : mb =» — t^«» ^ = « : &. 

Exs. 2:3 = 4:6, 5:2 = 15:6, 1:5 = 10:50. 

77- If a : b :: c : d, shew that ad = be, and the converse. 

Since a: b :: c : d, -7- = -^, hy definition of Proportionakf 

and multiplying these equal quantities by bd, 

—=- = -^, (Art. 38); but abd-b.ad, and chd^d.bcy 

.*. ad = 6c. 

Conversely, if ad = be, dividing these equal quantities 

by bd, 

ad be o, c / K ^ ^^\ z J 

h^ = zj > ^^ A ~ ^ (Art. 35), or a : o = e : d, 

.\ a : b :: c : d. 

Hence, also, if three terms of a proportion be given, 
the fourth may he found. 

For, if a : i :: c : ^, by what has been proved above 

, be 

ax^bc, .'. j? = — . 

a 

This is the proof of The Single Rule of Three in Arithmetic, 
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firhich teaches how to find \he fourth term of a proportion^ 
inrhen three terms are given. 

78. If a lb :: c : d, shew that h : an di c. 

Since aih:: ci d, t = ^i (Art. 75), 

nultiply these equal quantities by hd^ then ad - be, 

J. . 1 , ad be 

divide by flc, — » — , 
•^ ae ae 

or -ex: -, (Art 35), 

& d 
or - = -, 
a c 

,\ b : a :: c? : e. 

79. If a : 5 :: c : rf, shew that a : c :: h: d, 

a c 
Since a: b :: c: d, r = 3, (Art 75), 

^^^ 1 1^ ^ b a b c ab be 

multiplyby-, --j-pg. o'g^"^. 

.*. a ; c :: & : (2. 

80. If a : 6 :: c : </, shew that a + i : b :: c + rf : rf. 

Since o : 6 :: c : (/, r = t, (Art 75), 

a ^ c 



. • 



a+b c+d 

.'. fl + 5 : ft :: c + rf : (f. 

81. If a : ft :: c : rf, and c : d :: e : f shew that 
: ft :: « :/. 

Since a : b :: c : df t = t/ 



and ••• c : d :: c : /, -j^-t,, 

« / 

•'•5-/' 

or a : b :: e t f. 



(Art 75), 
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82. If a I b :: c : df and b : e :: d : f, shew that 
a : e :: c : Jl 



Since a : b :: c : d, t= t? 

bd 



and ••• h : e ;'. d : f, 



(Art 75X 



a b _c d 

*"*5i- = J'"'f"/' (Art. 35), 

83. To shew that if quantities be proportional according 
to the Algebraical dejinition, they ure proportional according 
to the Geometrical definition *. 

Let a, by c, d represent four quantities in proportion 
according to the Algebraical definition ; then we have 

1 = 2, (Art. 75), 

tn a tn c i.* i • i 

.'. — .T= — • j> multiplying equal quan- 
no n CL 

, , , , - wi 

titles by the same quantity, — , 



n 
tna mc 



from which it follows, by the nature of fractions, that if 
ma > nb^ then mond; if ma = nb, then mc^^nd; and if 
ma < nby then mc < nd. And ma,' mc^ are any equimultiples 
whatever of the 1st and 3rd quantities; and nb, nd ave any 
equimultiples whatever of the Snd and 4th, since m and n 
are any whole numbers whatever. Therefore a, b, c, d are 
proportionals also according to the Geometrical Definition. 

84. Variation. Dep. Variable or Varying quantities are 
such as admit of various values in the same computation. 
Constant or invariable quantities have only one fixed value. 

One quantity is said to 'vary directly' as another, 
when the two quantities depend upon each other in such 
manner, that if one be changed, the other is changed tn the 
same proportion, 

* For the Geometrical Definition of Proportion see Euclid. Book ▼• 
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Thits^ let A and B be two variable quantities mutually 
dependent upon each other, in such a way, that i£A is changed 
to any other value a, B becomes b, these changes being such 
that A : a :: B : b; then A is said to vary directly as B, 

For example^ if a man agrees to work for a certain sum 
per hour, the amount of his wages will vary directly as the 
number of hours he works; for as the hours increase or- 
lecrease^ so also will the wages, and in the same 'proportion. 

N.B. It oflen happens that two quantities are mutually 
lependent upon each other, and yet do not *'vary* as each* 
3ther. They may increase or decrease together, and yet one 
shall not *vary' as the other, because the changes in the two 
ire not proportional. For example, the side and area of a 
square are mutually dependent upon each other, so that the 
:>ne cannot be changed without the other being changed, 
but the changes are not proportional, that is, when the side 
is doubled, the area is not doubled, it is quadrupled — when 
the side is trebled^ the area becomes nine times its former 
iralue, and so on. 

When it is simply«stated that one quantity ^varies' as. 
mother, it is always meant that the one ^varies directly' as 
the other, in the sense above given. The symbol oc is used 
to signify that the quantities between which it is placed 
'vary' as each other. 

Ex. Given that yocx^ and when j? = 2, ^ « 20, state the 
resulting proportion. 

Here, when y is changed to 20, x is changed to 2, 
ind y oca, 

.\ y : 20 :: * : 2, or y : x :: 20 : 2, (Art 79)* 

or ^ : a? :: 10 : 1, (Art. 76). 

85. Def. One quantity is said to ' vary inversely' as 
mother, when the one cannot be changed in any manner, 
without the reciprocal* of the other being changed in the 
fame proportion. 

A varies inversely as J5, (which is written thus, A « t^j, 

if, when A is changed to a, B be changed to b, such that 

A I a \: -^ I T^ or, multiplying the last two terms by Bb, 

[Art 16), A : a :: b : B. 

• By ^rhoiprocar of a quantity is meant . jtj-. Thus the reci» 

procal of a is - , whatever quantity a stands for. 
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For example^ if a letter carrier has a fixed route> the time 
in which he will finish his work varies inversely as his speed. 
If he double his speedy he will go in half the time : and 
similarly^ however he may alter his speedy (provided it be 
uniform throughout the journey, which is nere supposed) 
the ' reciprocal* of the time will manifestly be altered in the 
same proportion, 

Ex. Given that y varies inversely as a?, (^<«-)> and 

when x-3, ^ = 1> find the resulting proportion. 

Here !/ - ^ "- - - -§» or y ; - ;: 1 : -, (Art 79)i 

or ^ : - :: 3 : 1, (Art. 76). 

86. Def. One quantity is said to *vari/ as two others 
Jointly', if, when the first is changed in any manner^ the 
product of the two others is changed in the same proportton, 

A varies as B and C jointly, (which is written A oc -BC), 
if, when A is changed to a, BC becomes he, such, that A : a 
:: BC I he. • 

For example, the wages to be received by a workman 
will vary as the number of davs he has worked and the 
wages per day jointly, for if eitner the number of days or 
the wages per day be doubled, trebled, &c. so as to double 
or treble, &c. their product^ the whole wag^s to be ^received 
for the work willlikewise be doubled, or trebled, &Cj that 
is, altered in the same proportion. 

Ex. Given that z oc xy^ and when a:= 1, and j(=2, J8r=20, 
find the resulting proportion. 

Here zi9,0ii xy : 1x2, .•. z: xy ii^O i% (Art 79) 

or z ixy :: 10 : 1, (Art. 76). 

87* ' Any variation may be converted into an equivalent 
equation when two corresponding values of the variable 
quantities are known. 

For, \£ AosBy and a^ h are known corresponding values 
of A and B^ then 

A I a :: B : h^hy definition, 

.-. Ah = aB, (Art. 77), 

or Assj-.B. 

Ex. Given yocx^ and when a? = i, y = S, find the equth 
^ion between x and y. 
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Here y : 3 :: or : l, .'. ^ = 3x. (Art 77.) 
N. B. The most ready method of treating variations is 

A a 
n general to convert them into equations. For since -p-T> 

Iways^ when AocS, that is, J and B cannot change value 
irithout retaining the same ratio^ which is, therefore^ in 
!ach case a fixea invariable quantity, it is usual to express 
hat quantity by some assumed letter as m, n, or p. Thus, 

f A ooBf then ■g = ^> or A =mB; where w = t. But if, 

n the same computation there occurs another variation, 
A CceD, we cannot then say C = mDy because although 

^=sa fixed invariable quantity, it may not be the same 

luantity as in the other variation. So that we should write 
^ = nJD, 

Ex. Given that y cc the sum of two quantities, one of 
vhich varies as a and the other as «*, find the corresponding 
equation. 

Here, \' one part « jr, this = mx, | ^ and n being in- 
and the other ... oc j;*, . . . = wx", J variable, 

.'. ^ = mx + ««*. 

The invariable quantities m and n can only be found 
¥hen we know two pairs of corresponding values of x and ^. 

£XERGIS£S. Y. 

Find the value, or measure^ of each of the following 
Ratios : — 



0) 

(2) 

(3) 
(4) 

(5) 

(6) 3abx 



8a 

2x 

ax 

ahc 

axy 



15a. 

lOar*. 

bx. 

be, 

2x. 

2a*x. 



(7) a'pc : Sacx, 

(8) 3xy : 12x*^». 

(9) ac + bc : c*. 

(10) 2ax + x^ : mx. 

(11) 1-x' : l^x. 

(12) o«-.5« : a + 6. 



Simplify each of the following Ratios: — 



(13) Sax : 4x. 

(14) 16x1/ : 20ap*. 

(15) iax : |6j?. 

(16) 2«"5^ : i«". 



(17) 
(18) 



7flJ:y , 5ay' 



1x2x3 ' 2x3x4'. 
w(w-l ) 
1x2 



tf«' : «aV. 
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(19) Which is the greater 15 : 16, or 16 : 17 

(20) Which is the greater 2ax : Sbtf, or 3a : 2h 
jr : ^ :: 2 : 1 ? 

(21) l£a : h :: c : d, shew that 2a : 3b :: 2c : 3d, 

(22) l£a: b :: b : c, shew that a : c :: a^ : b\ • 

(23) Convert the proportion a : a^x :: a-x : 
an equation* 

(24) Convert x i y \i y i ^a—x into an equal 

(25) If a + or : fl - « :: 1 1 : 7* find the value of a 

(26) Find two numbers in the ratio of 2 ; 3^ 1 
sum of which : their product :: 5 : 12. 

(27) The 1st, 3rd^ and ^th terms of a proporl 

CUT, 3cx, and — ^, what is the 2nd term ? 
' a 

(28) There are two numbers in the ratio 3 : 4 
eacn of them be increased by 5, the resulting numl 
in the ratio 4 : 5. What are the numbers ? 

(29) l£ yocXf and when x^2,y=^4ia, find the i 
'between x andy. 

(30) If y ec -, and when a? = ^^ y = 8, find the t 

between a and y. 

(31) If l + arocl- a?, shew that l + ar'ocar. 

(32) If 2j? + 3y oc 4a? + 5^, shew that x ocy. 



ARITHMETICAL PROGRESSION. 

88. Def. a series of quantities are in Arit> 
Progression^ when, taken in order, they go on, from 
to the last, either increasing or decreasing by the sa% 
quantity^ called the ' Common Difference*. 

Thus 1, 3, 5, 7^ 9, 11, &c. are in Arith. Prog., 
each quantity is greater than the one preceding by t 
ifnon difference 2. 

So also 20, 19, 18, 17, &c. are in Arith. Prog,, 
each quantity is less than tb^ one pxecedmg by the 
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The general form of a series in Arith. Prog, is either 

a, a + d^ a + 2d, a + Sd, &c. 

or a, a — d, a^2dy a — 3d, &c; 

1 the former the quantities go on regularly increasing, and 
1 the latter decreasing, by the fixed common difference d, 

Qa7. Are 1, 3, 4, 7, 8, &c. in Aritk, Prog, ? No, be- 
ause 3— 1 = 2/and 4— 3 = 1, so that the quantities do not 
ncrease by the same quantity, t. e. by a Common Difference. 

QvJ. Are 1, 5, 9, IS, 17, &c, in Arith. Prog.? Yes, 
lecause 5-1 = 4, 9-5 = 4, 13-9 = 4, 17-13 = 4, &c. 
hewing that the quantities increase by a common difference 4, 

89. In the general series 

a, a-hd, a-{-Zd, a + 3d. Sec 

I is called the 1st term of the series, or progression, d + d 
he 2nd term, a-^^d the 3rd, and so on. Hence a + (n^l)d 
8 the n^ term, where n stands for any whole number j for, 

if n = l, l8tterm = a + (l-l)d = a, 

.. « = 2, 2nd term=a + (2-iy=a + di 

.. « = 3, 3rdterm=a + (3-l)rf = a + 2£/; 

ind so on ; so that a+(it - l)d truly represents the n*^ term^ 
whatever number n be. 

Similarly, a — (« — ly represents the «*** term of the 
lecreasing series a, a — d, a- 2d, &c. 

90. In any series of terms in Arith. Prog, we can find 
my proposed term independently of the rest, if we know 
he first term and the common difference. For a and d being 
aiown, a + (n-^iyd is known for any given value of n. 

Ex. 1. Find the 50th term in the series 1, 5, 9, 13, 
17, &c 

Here a=l, J = 4, and n = 50, therefore substituting 
ihese values in a+ (» — l)d, 

the term required = 1 + (50 - l)x4 = 1 + 200 - 4 = I97. 

91. It is plain that we could find the sum of any num- 
ber of quantities in Aritk. Prog. by. adding them together 
in the ordinary way; but when the number of terms is 
large this method would be found inconvenietvt« TVv^^'(^<- 
lowing Rule will give us the sum mote te^*^^ Vxv ^ «q^^^ 
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RuLB. Tojind the sum of a series of quantities in Ariih, 
Prog*, add together ihejirst and last terms, and multiply half 
this sum hy the number of terms, or the whole sum hy half the 
number of terms, if more convenient. 

Thus to find the sum of the first 5 terms of the ^ries 

1, 5, 9, IS, 17, &c: 

» 

1 is the 1st term, 17 is the last, their sum is ISy half 
this is Q, which multiplied by 5, the number of terms, gives 
45, for the sum of the series. That this is correct, appears 
by taking the sum 1 + 5 + 9 + 13 + 17. 

If it were required to find the sum of 100 terms of the 
same series, we must first find the last term, that is, the 
lOOdi, this is 

1 + (100 - l)x4, by Art. 90, 

or 1 + 400 - 4, that is, 897. 

Then the sum required = ^(1 + 397) x 100. 

= 199x100=19900. 

92. To prove the Rule generally. 

Since a, a + ef, a + ^y a + 3d,..../, where / stands for 
the last term, will represent any series of quantities increas- 
ing in Arith. Prog, by the common difference d, let s be the 
sum of the quantities, 

or *=a + fl + £f + a + 2(/ + a + 3d + &c...+ /. 

Now since the terms go on regularly increasing by th^ 
quantity c/, the term next before /, will be /-c2^ and the 
term before that l-Qd^ and so on; therefore reversing the 
series, which cannot alter the sum, we have also 

srzl + l^d + l-2d'i-&c,-^ +« + rf + a, 

adding this to the former, we have 



2s = a-\-l + a + l + a + l + &c. « + / being repeated 
as many times as there are terms in the series ; 

.'. 2* = « times a + l, or nx(a + Q, if « be the number of 

terms, and 

.'. * = ^w(a + /). 

Also, if the series be decreasing, the same result will be 

obtained, merely chancing the sign of d in the above ope- 

ration from + to — , and from - to +. , 
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93. Having given two quantities a and b, find another, x, 
so that a, or, 5, £all be in Arith. Prog, (The middle quan- 
tity, X, is called ' the Arithmetic Mean' between a and o.) 

Since a, jr, 6, are in i^n/A. Prog, by the supposition, 

jp — a = the Com. Diff. Also 6 — x = the Com, Diff. 

.'. « — a = & — jf, 

transposing^ 2^7 = a + 5, 

_ a + b 

Hence it appears^ that the Arithmetic Mean between any 
two quantities is half the sum of the quantities. 

Ex. 1. The Arith. Mean between 6 and 20 is ^(6+20)^ 
or 13; that is, 6, 13, 20 are in Arith. Prog.^ as they plainly 
are. 

Ex. 2f The Arith. Mean between a + 5, and a -by is 
^(a + 6 + a - &), or a, that is, 

a + b, fl, a^b, are in Arith, Prog, 

94. Having given two quantities a and b, find /ivo 
others « and y, such that a> jr, ^, 6, shall be in Arith. Prog. 
(This is called inserting two Artth. Means between a and b), 

Smce a, x, y, 6 are in Arith. Prog, by the supposition^ 

by Art 95, a? = ^^,1 . , . ^ ^ , 

2 1 two simple equations for find- 

• x-f6 I ingorand^. 
From Ist 2d?*fl+^, buty=» 



2 



x + b . 
.'. 2x= a + *--—, 
2 

4a? = 2a + d? + 6, 

3dP = 2a + ft, 

2a + 6 

3 

AT ^ 4a + 26 a-v4b 

Also y = j?a?-tf a — a=: — -^^ 

•^ 3 S 
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^ Hence a, — - — , — - — , 6, are in A nth. Prog. 

rr 'jy i- b + Qtt h-a 2b + a Qa + b b-a 
Fenficaium. _^-fl = -^,_^ _, 

25 + a 5 - a 



and b — 



3 



shewing that the quantities a, x^ y, b, increase by a common 

difference — -— , that is, are in Arith. Prog. 
3 

95. The same thing may be done more easily in an-* 
other way, thus: Let the quantities be a, a + or, a'+2«, 5, 
where x is the common difference which remains to be found. 

Here the com. diff. x = b-{a + 2a?), 

or x = b''a-^2jc, 

3x = b — a, 

b- a 
3 

A J ^L ^ b-a 2 (5 -a) 

And the means fl+or, a+2ar, are .*. a+-—-^ a-h—^ — -. 

2a + 5 a + 26 , -. 
or — - — , — - — , as before. 
3 3 

By the latter method any number of Arith. Means may 
be inserted between two quantities. 

Ex. 1. Find the Arith. Mean between - , and -, 

4 2 

The required Mean = lQ +|) =1^| =f • 

Ex. 2. Insert Itvo Arith. Means between ~ and ^-« 

.So 

Let X be the unknown com. diff. ; then the series is 

3' 3"^** 3*^^*' T* 



GEOMETRICAL PROGRESSION. 131 



.'. "7^~(o+2j:J = com. diff. — x, 

6' 2 

.'. the required means are - + -, and ^ + Ij 

that is^ 7 ^ and 1 \, 

15 11 

Hence-, ^, IJ, -^, are in -4rtM. Prog. 
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06. Def. a series of quantities are in Geometrical 
Progression when, taken in order, they go on, from first to 
last, increasing or decreasing in the same fixed Ratio^ that 
is, by a common multiplier. 

This multiplier is called the Common Ratio, and may be 
either whole or fractional. 

Thus, 1, 2, 4, 8, l6, &c. are in Geom, Prog, because each 
quantity is twice as great as the one preceding. 

So also 16, 8, 4, 2, 1 are in Geom, Prog* because each 
quantity is half as great as the one preceding. 

In me first series the Common Ratio is 2, in the second ^. 
In any series of this kind the Common Ratio is found by 
dividing any term hy the one preceding; and if every term 
divided by the preceding one do not give the same quotient 
the series is not in GeoTn. Prog. 

Ex. 1. To find the Common Ratio in the series 1, 3, 9, 

Here Common Ratio = -, or 3. 

Ex. 2. To find the Common Ratio in the series 1|, 3, 6, 
12, &c. 

Here the Common Ratio = •- , or 2. In this case it is 

more convenient to divide the third tettciXyj xJaaow^^x^- 
cedinfi> than the 2nd by the Ist. 
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lis 

Ex. S. Are «* o> ^^^ t ^^ Geom. Prog.; and if so, 

what is the Common Ratio ? 

„ lis jSlS 
Here — -; — = — , and -^ -? — = — , 
2 3 2' 4 2 2' 

therefore the quantities are ia Geom, Prog,, and the Com- 

.3 
mon Ratio is - . 

2 

97. The general form of a series in Geom, Prog, is 

a, flr, ar*, ar*, &c. 

where each term is r times the preceding one, r being 
either whole or fractional. The n^ term is manifestly ar^*, 
because 

the 2nd is ar\ 

. . . Srd . . . ar*, 

• • • 4>th . • • ar^f 

and so on ; the index of the power of r being always 1 less 
than the number which marks the position of the term. 

d8. In any series of terms in Geom, Prog, we can find 
any proposed term independently of the rest, if we know 
t^e 1st term and the Common Ratio. For a and r being 
known ar*"* is known for any given value off?. 

Ex. 1. Find the 8th term in the series 1, S, 9, 27, &c. 

Here a = 1, r^^^S, and n = 8, therefore substituting these 
values in af*^^, the term required = 1 x 3^ = 2187. 

The sum of a series of terms in Geom. Prog,^ like the 
sum of any other quantities, may be found by addiDg them 
together — ^but, when the number of the terms is large, the 
following article will furnish a method of summing the 
series which is more generally applied. 

99. To Jind the sum of any number of quantities in 
Geom, Prog, 

Let a, b, c, d, &c. k, /, be n quantities in Geom, Prc^», 
and let r be the Com. Ratio; then, by definition, 

b = ar, 

c=s-bry* 

d = cr, 

&c. = &c. 

Ukr, 

.'. ^ + ^ + c/+ &c. + I « (^a + b -v c -v fct^u-v k\rs 
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or, if s be the sum required^ ••• 6 + c -f &c. + / is the whole 
series except the 1st term, and /x + 6 + c + &c. + k the whole 
series except the last term^ 

= r* - rly 
.'. (r — l)s = rl'-a, 

• • s — • 

r-1 

By substituting in this formula the given values of a, I, 
and r, for any proposed series^ the sum s is found. 

£x. Find the sum of the series 1, ^, 4, 8, &c. 1024. 

Here a = l, /=1024, r=:2, 

2x1024-1 _,^ 

.-. *= ;r--j =2047. 

2-1 

That this is the correct sum of the series may be verified 
by actually adding together 1, 2, 4, 8, 16, 32, 64, 128, 256, 
512, 1024. 

100. Having given two quantities a and 6, find another 
X, so that a, x, 6, shall be in Geom, Prog, (The middle 
quantity x is called the Geometric Mean between a and 6). 

Since a, ;r, 6, are in Geom, Prog., by the supposition, 

- = Com. Ratio = - , 
a X 

,'. x* = ab, 

and x==:Jabl 

Hence it appeal that the Geom, Mean between any two 
quantities is the square root of their product. 

Ex. 1. The Geometric Mean between l6 and 64 is 
^16x64 or ^1024 or 32 ; that is, l6, 32, 64 are in Geom, 
Prog.y as they plainly are. 



Ex. 2. The Geom, Mean between y , and 

o 



- is /- - 
a V 6'a 



or Jl, or 1 ; that Ib, t,1, -, are in Geom, Prog, 

101. Having given two quantities a and b, find tw<^ 
others, x and ^, such that a, jj, j^, b ax^ \tv Geom. "Pto^, 
This js called inserting two Geometric Means \i^\.H^^«v a 
and 6. 
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Let r be the unknown Com. Ratio^ 
then x=iarA 

y = or, L by definition. 

From 2nd equation yr = or*, multiplying by r, ^ 

/. XT* = b. 

From 1st equation xr' = ar^, multiplying by r*, 

.-. ar' = b, 

. h 
• ••*' •— -_ 



••• '• = V5- 




102. The same thing may be done more easily as 
follows : — 

Let a, ar^ ar*, b, be the quantities^ r being the unknown 
Common Ratio^ to be found. 

Then, the Common Eatio, or r = — 5, (Art. 96,) 

.'. r' = -, multiplying by r', 




/. r = 

And the means are a -a/- , and a l^ -J , as before. 

By this latter method a«y number of Geometric Means- 
may be inserted between two given quantities. 

Ex. 1. Find the Geometric Mean between J, and |. 

Required mean = ^^x| = ^ = ^. 

Ex, 2. Insert two Geometric Means between 1 and 3. 
Let X be the Common Ratio; then the series is 

.'. S -7- T*' = Com, Ratio = j?, 
a?' = 27, .'. x^S, 
.'. the means are t x 3, and ^ x 3', 
that is, ^, and 1. 
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EXERCISES. Z. 

Find the 5th^ and the 20th^ terms in each of the follow- 
ing series :— 

(1) 1, 6, 11, &c. 

(2) 16, 15, 14, &c. 

(S) h h 1> &c- 

Find the sum of 20 terms of each of the following 
series :— 

(4) 1, 3, 5, 7, &c. 

(5) 5, 8, 11, 14, &c. 

(6) 100, 110, 120, &c. 

(7) 100, 97, 94, &c. 

(8) 15, 11, 7, &c. 

(9) i i 1, &c 

(10) 13, 12§, 12 J, &c 

(11) If a labourer were hired for a year to receive a 
farthing the first day, a halfpenny the second, three far- 
things the third, and so on, excluding Sundays; what would 
liis wages amount to for the year ? And what would he 
Teceive for the 25th week ? 

(12) A certain debt was discharged in 25 weeks, by 

I)aying 2 shillings the 1st week, 5 shillings the 2nd, 8 shil- 
ings the 3rd, and so on. What was the amount of the 
debt? 

(13) How many strokes does a clock make in 12 hours, 
which strikes the hours only ? 

(14) How far does a person travel in gathering up 200 
stones placed in a straight line at inter vds of 2 feet from 
each other; supposing that he fetches each stone singly 
and deposits it in a basket, which is in the same line pro^ 
duced 20 yards distant from the nearest stone, and that he 
starts from the basket? ^,:- 

(15) The first two terms of a series in Geom, Prog, are 
|, and ^, what is the Com, Ratio, and the 3rd term? 

(16) Find both the Aritk, Mean, and the Geom. Mean, 
between i and ^ 

(17) Insert 3 Arith. Means between 1 and 3. 

(18) Insert 4 Arith, Means between 100 and 80. 
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(19) Insert 2 Geom, Means between 5 and 320. 

(20) Insert S Geom. Means between 100 and 2§s. 

(21) An insolvent tradesman agreed to pay a certain 
debt by weekly instalments^ beginning with 5s, and in- 
creasing by Ss, every week. His last payment was £l5. Qs. 
For how many weeks did he pay, and what was the whole 
amount of his debt ? 

(22) A clerk, who was engaged for £100. a year, was 
rewarded for diligent attention to his duties, by an increase 
of £30. to his salary in every successive year, until the 
present time, and his salary is now £550. per annum. How 
many years has he been employed ? 

(23) A farmer sowed a peck of wheat, and used the 
whole produce for seed the following year, the produce of 
this 2nd year again for seed the 3rd year, and the produce 
of this again for the 4th year. He then sells his stock after 
harvest, and finds that he has 12656^ bushels to dispose of. 
Supposing the increase to have been always in the same 
proportion to the seed sown> what was the annual increase ? 

(24) It is shewn in treatises on Dynamics, that a heavy 
body, falling from rest and unobstructed, passes through a 

space of l6io feet nearly in the 1st second of time, but after- 
wards in each succeeding second 32^ feet more than in the 
second immediately preceding. Now a heavy bodv fell from 
the car of a balloon and it was ascertained to have been 
exactly 20 seconds before it struck the earth. What was 
the height of the balloon^ supposing the resistance of the air 
not worth reckoning ? 

MISCELLANEOUS EXERCISES. 

[The following Examples and Problems are/or the mttst pqti not original. 
But selected from College Examination Papers and various other qoanersj 

Simplify the following algebraical expressions:—! 

(1) (2c-3r)a?-(c-l)4?-(c-2r)«-x. 

(2) (^ - 6)ar«- {q + 6) or* + 36ar«- 2ar«. 

(3) (a-2p)«'+(a+2p)a:'-(p-rt)aj'-*'. 

(4) Is it correct to make — —j- equal to -r^ 
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(5) Is it correct to make equal to ? 

(6) What is the value of , ,^ . — ~-j- , when a=i=-c? 

(7) From 2 (a + i) - S (c - cf) subtract a + 6 - 4 (c - rf). 

(8) Prom {a-¥h)x'^{h-\-c)y subtract (a-6)«-(6~c)y. 

(9) From 6*- -tt- subtract 5j.Jf-T • 

(10) From -— -r- subtract -—, -r- . 

^ •' 4(«-l) 4(j?-l) 

(11) Add together and 



« + l « + l 

(12) Multiply 1+ I by 6- 

(13) Divide l+d?byi + l. 

X 

(14) Divide a* + 46* by a'- 2ab + 2b\ 

(15) Divide 7a?' + ar - 5ar* - 3a?* by 1 - 3ar. 

a* LB 

(16) Divide «+6 + -T-bya + 6 + — . 

(1 7) Divide « - ^(fl - 16) by 6 - J(a + 16). 

(18) Multiply ar + l+lbyor-l + i. 

X X 

(19) Dividefl*-^by a--, 

(20) Square ^0?--. 

(21) Find the product of 

(ax + a*+ ar')(ar - a) (a:*-ajp + a*) (« + or). 

(22) Divide a-6 by ^-^. 

(23) Add together i.g±| and i.|^. 

(24) Simplify *(^-^0(^-^«) _ 'i'+m^ + l) , 
^ ' *^ ' 8 1x2x3 
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Find the values of the unknown quantities in the 
lowing equations :-^ 



(25) 

(26) 

(27) 
(28) 



30 



15 



j? + 2 a?-l 
128 216 



Sx-4 Bx-G* 
420? _ 35x 

«'-9 or + 3 



(34) 



(35) 



2j?-1 2jr + l 
2a? + 1 2a? - 1 

48 165 



x + 3 a? + 10 
a?-l 



-5 



3 



4 



(30) 

(31) 7i-r c S' 

^ ' x+3 x+6 x+9 

(32) H3*-4(*-l)} = l«-l- 

(33) *-^ *-* **-* 



(S6) 8(*-i)- 



(37) 



(88) 



a? + 2 
1 4 



5 — x 4— a? 2- 



7a? +1 80 /a?- 



l-3a? l-2a? 5a?- 1 

1 2 3 

+ 



2* 6i 



6^-3* 3 \«- 

(39) K*-J)(*-2)=2i(^ 

(40) i(«+3)(2«-5)=6i( 

, . 2j;(a— t) a 
^ ^^ 8a-2x ~l' 



(43) 13«+135y = 374, |^ 
128* + 308^ = 1600, j 

(44) 11* +19^ =101, 



29* - 37^ 



= 101, 1 
= 5,1 



(45) 56* + 278 = 47(«,+y), 1 
28^ + 832 = 17(« -^), j 

(46) 2« + 3y = 2i(«+i'), ) 
3(«+i^) = 5(«-5r), j 

(47) 5(i*-l)=|(y+l)-4, 1 
i(y-5) = 3j(2|-l*),| 



(48) 



(49) 



(50) 




^ + 10 






(51) - + « + 0:^=13,1 



MISCELLANEOUS EXERCISES. 13d 

(52) A pile is one-fifth of its whole length in the earthy 
three-sevenths of its length in the water^ and 13 feet out of 
the water^ what is the length of the pile ? 

(53) One-third of a ship belongs to A^ and one-fifth 
to By and A'» part is worth £1000. more than ^s. What 
is the value of the ship ? 

(54) In a company of 90 persons, men, women, and 
children, there are 4 more men than women, and 10 more 
children than men and women put togetlier. How many 
are there of each ? 

{55) A person is now 40 years old, and his son 9 years. 
In how many years will the father, who is now more than 
4 times as old, be only twice as old, as his son ? 

{5S) Two carpenters A and B received £5. 17*. for 
work done, A having worked 15, and B 14, days; and A's 
wages for 4 days exceeded J^s for 3 days by 11^. What did 
each receive per day ? 

(57) Seven horses and four cows consume a stack of 
hay in 10 days, and two horses can eat it alone in 40 days; 
in how many days will one cow be able to eat it ? 

(58) A person was asked to state the ages of himself> 
of his father, and of his grandfather. He replied, * My age 
and my father's amount together to 5Q years, mine and my 
grandfather's to 80 years, and my father's and grandfather^s 
to 100 years. What was the age of each? 

{5ff) A boy spends 5s, in apples and oranges, buying 
the former at o a penny, and the latter at 4 a penny. He 
afterwards aiold two-thirds of his apples and half his oranges 
for Ss, taking only cost price. How many of each fruit did 
he buy? 

(60) A wine merchant has 4 dozen bottles of wine of 
a superior quality, which he must sell at 4 guineas a dozen, 
to make the necessary profit. But to get rid of it the sooner, 
he mixes with it just so much of an inferior wine worth 
24f. per dozen as will enable him honestly to sell the mixed 
wine at 54f. per dozen, and obtain the same profit upon the 
superior wine. How much of the inferior wine is used ? 

(6 1) Divide the number n into two parts, so that one 
shall be n times as great as the other. 

(62) A person was about to reWeve «t oetXxov xwxis^acfe 
oF poor persons by giving them ^s. 6d* e«k.<^^\sv>^*^^^^^^^^^ 
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had not money enough in his pocket by 3s, He then gave 
them 2s, each^ and had 4es. to spare at last. How much 
money had he, and how many persons did he relieve ? 

(63) A hare is started at a distance equal to 50 of its 
own leaps before a greyhound, and takes 4 leaps to the 
greyhound's 3; but 2 of the greyhound's leaps cover as much 
ground as 3 of the hare's. How many leaps will the grey- 
hound take to catch the hare ? 

(64) A father leaves to his children a certain sum which 
is to be divided as follows : — ^The oldest is to receive £100« 
and the 10th part of the remainder : the second is to have 
£200, and the 10th part of what then remains: the third 
£300, and the 10th part of the remainder; and so on, to 
the last. Now it is found that all the children have, b y t his 
complicated scheme, received exactly the same sum. What 
was the whole fortune, and the number of children ? 

(65) A certain waggon has a mechanical contrivance 
•which marks the difference of the number of revolutions 
of the fore and hind wheels in any journey. The rim of 
each fore- wheel is 5}; feet, and of each hina- wheel 7^ feet: 
find the distance travelled when the fore-wheel has made 
exactly 2000 revolutions more than the hind-wheel. 

(66) A person has a certain number of sovereigns which 
he tries to arrange in the form of a square, placing them as 
close together as possible on the table. At the first trial he 
had 130 sovereigns over; but when he enlarged the side of 
the square by 3 sovereigns, he had only 31 over* How 
many sovereigns had he ? 

(67) A farmer bought a certain number of sheep for 
£94: He lost 7 of them, and sold one-fourth of the re^ 
mainder at prime cost for £20. How many did he buy ? 

rin three drawers there is altogether a sum of 
In order that each drawer may contain the same, 
I take out of the first to put into each of the other two the 
half of what each already contained. I then take out of the 
second, and afterwards out of the third, and each* time put 
into the two other drawers half of what each already con- 
tained. I have thus attained my object. How much was 
in tfocA drawer at first? 

(69) A person bought a quantity of cloth for £l2. If 
Ae bad bought one yard less for the same money it would 
have coat Is. a yard more. How many -jm^Va ftiaVtXwL^^ 
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(70) Divide 100 into two parts^ so that the difference of 
their squares shall be 400. 

62 • 8 

(71) The sum of two fractions is ttt , their difference ^ , 

the sum of their numerators is 8, and that of their denomi-< 
nators is I6. What are the fractions ? 

(72) A traveller set out from a certain place^ and went 
1 mile the Ist day, 3 the 2nd, 5 the next, and so on, in- 
creasing by 2 miles every day. After he had been gone 
3 days, another sets out from the same place on the same 
road, and goes 12 miles the 1st day, 13 the 2nd, and so on. 
In how many days will the latter overtake the former ? 

(73) The numbers of boys in the 3 classes of a school 
were as the numbers 5, 7> 8. At the next inspection the 
I'st class was found increased by 4 boys, the 2nd had gained 
two-sevenths of its former number, the 3rd was doubled,*-- 
and the whole number of additional scholars was 94. What 
were the numbers in the classes at the 1st inspection ? • 

(74) If the interest of the National Debt b^ reckoned 
30 millions sterling per annum, and 3 per cent, the average 
rate of interest paia, what reduction in the rate of interest 
would give the same relief to taxation as the paying off 200 
millions of debt, and allowing the interest paid on the re- 
mainder to continue the same? 

(75) The Specie Gravity of silver is 10|, that of cop- 
per 9, and a certain compound of the two is found to be of 
Specific Gravity 10^. What quantity of each metal is there^ 
in 148 lbs. of the mixture ? 



(76) If a : b :: b : c, and b : c :: c : d, shew that 
a : d :: a^ : 6'; and that a + 6 : b + c :: b + c : c + d, 

(77) If 6d? — a : 4« — 6 :: 3x + b : 2x + a, find x, 

(78) 1£ a : b :: c : d, shew that 

a : fl + 6 :: fl + c : a + 6 + c + cf. 

(79) Divide 20 into 3 parts, such that the ratio of the 
first two shall be 2 : 5, and mat of the last two 5 : 3. 

(80) Find two numbers in the ratio 1^ : 2§, and such> 
that when each number is increased by 15, tae^ %3x^\^ 
in the ratio If : 2^. 
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(81) Given that the solid content of a globe varies as 
the cube of its diameter, what ratio does the content of a 
globe whose diameter is 4 inches bear to that of one whose 
diameter is 8 inches ? 

(82) Given that the illumination from a source of light 
vanes inversely as the square of the distance^ how much 
£Eirther from a candle must a book^ which is now 8 inches 
off^ be removed^ so as to get halfaa much light? 

(83) Given that the content of a cylinder varies as its 
height and the square of its diameter jointly, compare the 
contents of two cylinders^ one of which is twice as high as 
the other, but witJb only half its diameter. 

(84) If a servant agree with his master to receive^ for 
his wages, a farthing for the 1st month, a penny for the 
2nd, four pence for the 3rd, and so on; what will 12 months' 
wages amount to ? 

(85) Distribute 250 policemen among 4 towns in joro- 
pontton to their respective populations, which are 5300, 
2940, 680, and 1870. 

(86) Two globes of metal, whose diameters are 6 in. and 
7 in., are melted down and together formed into a single 
globe; what is the diameter of the new globe? (See 81.) 

(87) On the 1st of Jan. 1799> a poor man received from 
A as many groats as A was years old, and a similar gift each 
January for the seven years following, in the last of which 
A died, his alms to the poor man havmg amounted in all to 
£7. 18s. Sd, What was A*8 age when he died? And in 
what year was he bom ? 
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EXERCISES. 


A. 




20. 


(5) 18. • 




(9) 39^ 


6. 


{6) 35. 




(10) 62. 


14. 


(7) 62. 




(11) 0. 


0. 


(8) 10. 


(12) 2. 


3a. 


(16) 2, 25, 


&ar, Sbx, m, jrar, pjr, 6 


1 Gab. 


(17) 5. 




(19) 12. 


6a. 


(18) 11. 




(20) 7. 


) 30. 


(24) S. 


(28) If 


) 10. 


(25) 1. 




(29) 3. 


) 9. 


(2^ 23. 
(27) 14. 




(30) m + « -p 




EXERCISES. 


B. 


) 18. 


(6) 49j. 




(12) 1. 


) 0. 


(7) 23. 




(13) 3m + 6n- 


) 114. 


(8) fii+81« 


— 64p 


.(14) 4. 


) 657- 


(9) 2. 




(15) 2. 


) 0. 


(10) 6. 




(16) K 




(11) 25. 







-4p. 
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(1) 
(2) 

(8) 
(4) 

(S) 
(6) 
(7) 

(8) 

(9) 

(10) 

(") 
(12) 

(13) 

(14) 

(16) 



ANSWERS TO THE EXERCIBES. 



(1) 

(2) 

(8) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 



0) 
(2) 

(7) 
(8) 
(9) 



2a + 26. 

2a. 

2a -26. 

2a. 

2a+2c. 

1 + m+n. 

7m- 1. 
4a^4-4«. 
p-2g + 8. 
6a6 — 6c. 
mti + m — ti + 
Sax + Sby. 
5a — 56 + 5c. 
4ay — «— 4. 
Sq-Sp+pq- 



EXERCISES. C. 
(16) 2p* + 25*. 



1. 



(17) 
(18) 

(19) 
(20) 
(21) 
(22) 
f(23) 
(24) 
(25) 
(26) 

(27) 
(28) 

(29) 
(30) 



Sab-^ac — 1, 
4« + Sy. 
2 + 5a. 
2a + 6c. 
3z - 2^. 
Sa' + «6-26". 
6 - 5*. 
2a<? + 26 A - 
2aar — 26y. 
2^?* + 2fl*. 

«* + xj^ +^ + mx-^-ny^ 
ba^tf — Savy — a'x + js*. 

■|-arf + "I'M - erf + \ah 



-ac. 



EXERCISES. D. 



a - ft + d?. 

26 - 2c- 

5fl - Zc 

Sa-Jb. 

x-y-Qz. 

ax + 26y — 2c. 

6c-2fl6 + 2a. 

2j?", 

xy — 5«* + 5y*. 



(10) «in + 4»i-4»» 

(11) ay + 3ma7. 

(12) Sa6c-3a6-2«c 

(13) h^'^Sc^ 

(14) 2aa?-2a"-2a:». 

(15) 2a'6 + Sa'c + 2c*. 

(16) 2ar^+a-l. 

(17) ^ax-xy + l. 
1(18) ie. + f6-ic. 



-I. 



— 3wwip. 

-Sn + ewajy-gnftar*. 

- 4a6jr + 6acx - lOftrfar. 



EXERCISES. E. 
(S) Sm + Sn-Sp 
(4) flpar + ftpa?*. 



(5) 2a*rf+4aM. 

(6) 4a'a? - 2a V^ 

(10) 14ar*^-.21ar. 

(11) 4aa?*^5r+26ay*z-2c*yjs" 

(12) 9.a^hy ^h^'xy ^hdy. 



(13) 
(U) 
(15) 
(16) 

(17) 
(18) 

(25) 

(26) 

(27) 

(28) 

(29) 
(30) 

(31) 
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(19) 

(20) 
(21) 
(22) 
(23) 
(24) 
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2oj:* 4- 2bxy — axy - 6y'. 

a* — ax — Gx', 

SSx* - 33x + 4. 

8«ary - 126^"- 6ax^ + 96t^. 

2m •{■n- im^n - 2^ii'. 



x—y + 2ar* + a?y — 3y*. 

ab + bx — by—ay — xy + y^. 

2a*c - Saftc + 6*c + 2a'£/ - flftrf. 



a*-.l. 
or* - a*. 
8 j:' + 27. 
l6+4x' + .^*. 



(32) 
(33) 
(34) 

(35) 



a' - 3fl V + 2x\ 
4flV-96y. 



(1) X, 

(2) 7. 

(3) 7ar. 

(4) fl. 

(5) 3*. 

(6) a. 



EXERCISES. F. 

(7) -ay. 

(8) -.aj(. 

(9) -3a. 

(10) 2axy, 

(11) -14110?. 

(12) 26a?. 



(IS) 3c-ibd, 

(14) 2c -6d. 

(15) -4« + 3^. 

(16) l + 8flc-26c. 

(17) -2aa:+46+l. 

(18) a"-56x+6ar*. 



(19) 
(20) 

(21) 

(22) 



x+ 1. 
c + d. 
S-b. 
2a — 5dr. 

(30) 
(31) 



(23) fl + 2. 

(24) 2a6. 

(25) Sx-S. 

(26) Sar*-Jr4 2. 
flor* — bx^ - o'jp + aft* + a" — a*ft. 
l6a?* - 24a;' + S6ar* - 54ar + 81. 



(27) a-b-c. 

(28) 5a"+3j?*. 

(29) p'9+4pg*+2^'. 



(1) 4. 

(2) 25. 

(3) 20. 

(4) X. 

(5) ft**. 
10 



EXERCISES. G. 

(6) fl/MT. 

(7) 5abx. 

(8) 3a'6\ 

(9) 9fl*6V. 
(10) Jtnnp. 



(11) aory. 

(12) I a. 

(13) cf. 

(14) X. 
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(15) 
(16) 

(17) 
(18) 
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168. 
240. 

56. 
168. 



(2) 2b. 
Ahx 



(8) 



8a 



(*) I- 



(1) 
(2) 

(8) 
(4) 

(5) 
(Q 

(19) 



6x 
Bah 
3fl + l 

"IT'" 

2a 
5 ' 

64P — 4 

103? -2 
21 

X 

10 • 



(20) |. 



r^^; ^-. 



(19) 2520. 

(SO) 42504. 

(21) Ax, 

(22) 2ai^. 



(5) 
C6> 

(7) 
(8> 



a 
1 



26ar' 

mn 
24?-S 



(9) ^^ 



(10) 
(U) 
(12) 



&c+2c+g 

I9j^-28 
6 • 

84^-25 
12 



I 



(22) 
(23) 
(24) 



3y + 5 

Bx- y-^S 
10~ 
4j?+16 
a + 1 



(23) 
(24) 
(25) 
(26) 



EXERCISES. H. 
5«* 



(9) 
(10) 

(H) 
(12) 



EXERCISES. I. 



24jr. 
abc. 
2j:y. 



2a -f 3 
b • 

26 + 1 

— ■ • 

a 

Sa-^x 
2a -3x' 
H —m + p 
m — n+p 



(15) ~. 
20j^ 

/jgv hcx-^acy+abz 
abc 

(17) ?*«y-"t^. 

(18) 0. 



(25) 
(26) 

(27) 



2 



2a?»+ii? 



«'+3a? + 2 
5jr+S5 
42 • 
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(28) 
(29) 



17jr-34 
• 50 
acx 
b'-hbcx' 



(SO) 
(31) 



1 
l+«*+2x* 



(32) 



4jy 



(2) 3a?. 

w f • 

(4) 2jr. 

(5) ^a-2a. 

(6) 2a». 

(7) 8a?. 



(21) 
(22) 
(23) 



2' 
3£ 
20 

8* 



EXERCISES. 

(8) 9jr-I5. 

(9) 60 + 45x. 

(10) 16- 14*. 

(11) 72« + 15& 

(12) 4«-2. 
(IS) 6* +8. 
(14) 3X--5. 



J. 

(15) 10 -a?. 

(16) ^. 

(17) ^. 

(18) ^. 

(19) 1. 

(20) ^+y-i 



1 



(24) 
(25) 
(26) 
(27) 



3x 
m 

i-2y 

1 + 26 
4 



(28) 

(29) 
(30) 



5y 

2i* 
3 
6cr • 



(31) «" + 2+l. 

(32) J^ + i + 2. 

(34) I. 



(S5) 



f»*-3m + 2 



(^^ r2-?-2'J?- 
(37) uh. 
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/«^N 2X + 1 






(43) J 


1 

• 

-x 




^ V 2 - So? + J?" 








1 




(*o) ^ • 






(44) 


X 




(41) ^^-^ 






(45) "' 


* — ax 
h • 




,.^K 4 — jr 






f r»\. a 


'+fltj? + . 


r* 


(42) ^ . 






(*6) ^ 


'— aj? + x*' 




EXERCISES. K. 






(1) ac. 


(8) 


QX* + ha^. 


(15) 


a 


(2) 4 - J?. 


(9) 


6-5x. 


• 


1/ 
h 


(3) 4ar. 


(10) 


1-T. 


(16) 




(4) 2fl»-26». 


(H) 


Sa-^Sc. 


(17) 


2+^ 


(5) 7 + 5x. 


(12) 


a\ 


l-;r«' 


(^) 2 2- 


(IS) 


1-j;*. 


(18) 
(19) 


1. 


(7) 6. 


(14) 


J?. 


(20) 


4ar*-ar*. 




EXERCISES. L. 






(1) x^6. 


(13) 


ar=»l. 


(25) 


x = 7- 


(2) jr:«=l. 


(14) 


*=i. 


(26) 


x=I4. 


(3) d: = 6. 


(16) 


j;=^4. 


(27) 


x = 60. 


(4) X = 8. 


(16) 


or = 12. 


(28) 


x-84. 


(5) a? = S. 


(17) 


«=!9. 


(29) 


or = 35. 


(6) ar = 4. 


(18) 


x = 7. 


(30) 


« = 5. 


(7) «=2. 


(19) 


0?= 10. 


(81) 


ar = 7. 


(8) a?:5=l. 


(20) 


X = 30. 


(32) 


» = 2. 


(9) ar=plO. 


(21) 


jr=5. 


(33) 


*=9. 


(10) jr = 8. 


(22) 


x = 5. 


(34) 


ar = 7.' 


(11) or = 5. 


(23) 


ar = 7. 


(35) 


Jp = 4. 


(12) x=12. 


(24) 


x = 7. 


{36) 


ar = 8. 



(1) A * 5. 

(2) « = 5. 

(8) '=|. 

(4) X = 10. 



ANSWERS TO I^HE EXERCISES. 
EXERCISES. M. 

(5) * = 6i. 

(6) j? = 4i. 

(7) x^Z. 

(8) 4? = 7. 
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(9) x=il4. 

(10) a? ifc 8. 

(11) «*7. 

(12) 0? = 2. 



(1) ^ = g- 



EXERCISES. 

(4) *=18. 

(5) 4P = 8. 

(6) or = 8. 

(7) « = 8. 



N. 



(8) X 

(9) * 
(10) X 



12. 

1 
4' 

2. 



(1) 16. 

(2) 12. 

(3) 18. 

(4) 60. 

(5) 10. 

(6) 10, and SO. 

(7) 1(4, and 14. 






EXERCISES. O. 

(10) 5, 6|, 9, and 12^, feet. 

(11) 8, and 16. 

(12) 8. 
(IS) 8, and 40. 

(14) 24,and6,yrs. 

(15) S5, 86, and 71. 

(16) 44, and S6 

(17) \. 



(8) l^.andSj. 

(9) 6f . &^.t 5tf. 6<f., 4». 6(/^ and 3«. 6({. 



(18) 


5' 


(19) 


240. 


(20) 


27nm. before 1 


(21) 


27nm. past 5. 


(52) 


2 miles. 


(23) 


4^ miles. 


(24) 


22, 7, 12, gall. 


(25) 


Sj.4^d, l*.8ie 



(1) * = 12,) 

j^=5. ; 

(2) « = 10,1 

(3) * = 6, 



j^*2.| 

:) 



(4) **=S 



EXERCISES. P. 

(5) * = 1,) 

(6) « = 7, \ 

(7) * = 4,i 
^ = 3. 1 

(8) « = 2,\ 
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(12) 

(IS) 



(14) 
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(*) 






ar=10 

X 

y 



(15) « 

(16) ar 

(17) X 



0.1 

in 

2') 



6, 

10. 
10. 

s. 



.1:} 
:} 

y = 8.J 



(18) «=6, 

(19) «-=8 

(20) « = 8, 



(1) » = 

J' 

(2) «=11, 

J' 
(S) «=6, 



4} 



EXERCISES. Q. 
(5) 



« = *, I 
y = 21.j 



(9) * = 



(6) * = 



« = 144, 1 

y = 216. / 

-114,1 
= 77. f 

= 40,) 
= 16. J 



(7) « = 114, 

(8) , 



(10) 
(11) 



*=5,) 

y = 9J 

= 13,) 
= 3. f 






*-r, ) 

y = 10. f 



(12) X = 



* = 7,) 
» = 4./ 



EXEaClSES. R. 



(1) 

(2) 
(8) 
(4) 

(5) -k 



My and 26. 
£15, and £S5. 
24 men^ 20 women. 
15 men, 22 women. 

7 
IS* 



(6) r 

(7) 14, and 6. 

(8) 12, and 18. 

(9) 11, and 5, gall. 
(10) A.D. 1752. 



EXERCISES. S. 



(1) 25aV. 

(2) 25flVy*. 
(S) 49fl'6«. 

(4) a*bV. 

(5) 49a*6c'. 



(6) 
(7) 
(8) 



a*b* 
c' • 
9aV 

4c*' 



(9) 



l6a^y 
49«y ' 



(.0) ^. 
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(12) a*+l+2a. 

(IS) «'6»+l+2a6. 

(14) 4p"+9 + 6«. 

(15) 4+5f«-4jr. 

(16) 4m^ + «*-4mii. 

(17) 4ar« + 9y-12ay. 

(18) jr» + ^-p«. 



(19) ar' + l + Sx. 

(20) wi V + «• + 2miM?. 

(21) 4m V + »• — 4miij;. 

(22) fl*6V + c* + 2a6c«. 

(23) 9xy + a* - 6ar^. 

(24) iaW + c* + flic. 



(1) 2ab. 

(2) Sary. 
(S) 10o6V. 

Saa 



EXERCISES. T. 
2fl& 



(4) 



W 



(7) l-«. 

(8) 5ar + l. 



(9) 2a -b. 

(10) 3ar + l. 

(11) x + i. 

(12) x-1. 



(13) a?*-12d?+36. 

(14) ar*-14ar+49, 

(15) «»+lljr+l|l 

4 

(16) Jr*+2J:+1. 



(1) X:r.A6. 

(2) «=*4. 

(3) «=*l. 

(4) ar=*4. 



(17) '•-^ + 4. 
(19) ^-y+^. 



(21) ^+|a: + ^. 
(23) «»-¥+^ 



4"^ Si" 

(20) «»+l,+^. (24) «»^^ + i?.. 
^ ' 2 16 ^ ' 10 400 



EXERCISES. U. 

(5) dr = *2. 

(6) jr = *5. 

(7) « = *5. 

(8) « = *3. 



(9) 

(10) jf = 

(11) ;r = 

(12) «= 



dfrsdb- 



1 

2 
2. 

2. 



li,orl. 
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ANSWERS TO THE EXEROIBEB. 
EXERCISES. V. 



(1 
(2 

(* 

(6 
(7 
(8 

(9 
(10 
(11 

(12 

(13 

(14 
(15 

(16 

(17 
(18 

(19 

(20 



x=:5, or -2. 
X = 4, or 1 . 
x^S, or 2. 
d: = 20, or -6. 
or = 2, or 10. 
ar = 2. 

x = 6, or 1. 
jr = 6, or — 5. 
x= 1^, or -2. 
aj = 6, or -4^. 
jr = 6, or — 10^. 

ar = -, or- 3. 

or* 6, or -10^. 
« = 6, or -5|. 
,1 15 

2 
ar = 1, or - . 
3 

x = 2|, or -2. 
a? = 2, or-l-J-. 



(21) « = 2, or-l-f. 

(22) a? = 4, or -2. 



(23) 



7, or--. 



(24) x=lf, or-l^. 

(25) x = i,or-H. 

(26) ar = 2, or - 3. 

(27) ar = 2, orjg. 

(28) X = 2, or - - . 

(29) x=l6, or -20. 
(SO) a: =11, or -13. 

4 

(31) X = 3, or --z- 

(32) « = 4, or -If. 

(33) or = 7, or - if. 

(34) x = 3, or Ifl. 

(35) x = S, or -3. 

25 

(36) a? = 9> or-gj. 

(37) X = 1, or - 1-J-. 

(38) x = 2, or 4^. 

(39) X = 8, or 13|. 

(40) jr=l6, or-li. 



(1) x = ±4. 



y = ±2 






:} 

= =^8, ) 



EXERCISES. W. 
(3) X 



(4) 'X 



= *12,) 
= =f3. j 



12, 
=f3. 

8, or 



-Si. I 



AMSWI!R8 TO TBE EXERCISES. 
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(5) 



(6) 



(7) 



(8) 



(1) 
(2) 

(3) 
(4) 
(5) 
(6) 
(7) 
(8) 

(9) 



1 
2 
1 



* = 2'*""4' 



1 
4 
I 



y=v°'r 




= 5, or - ^, \ 
= 3, or - Sf. / 



(9) * = 2, or - 1^, 
^ = 3, or-S^. 

(10) « = 3, or 2,) 
^ = 2, or 3, J 

(11) « = 2, or 5i, 

4 
y = 4, or - -. 

(12) «=7, or-X, 
^^ = 6, or--. 



EXERCISES. X. 



12, and 13. 

dj 4^ %)• 

4, and l6. 
U, and 19& 
12, and 13. 
20, and 10. 
8, and 18. 

13. 

1 

2* 



(10) IS, and 12, miles 

per hour. 

(11) 9 miles per hour. 

(12) 25, and 20. 
(IS) 54, and 48. 

(14) 18, and 12, miles. 

(15) 4, and 5, yards. 

(16) 4 miles per hour for- 
wards, and I mile back- 
wards. 



EXERCISES. Y. 



(1) 
(2) 

(3) 



1 

5' 

J_^ 

5x 

a 

b' 

a 

1' 



(5) 
(6) 
(7) 
(8) 



Y' 

3b 
2a' 
ap 
Sx' 

X 

4^- 



(9) 
(10) 

(11) 



a +5 

• 

c 
2a + x 

m 
1 + j: 
IT' 
a--b 
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ANSWERS TO THE KUWdBBSr 



(IS) 5a : 4. 


(15) 2a 


:S6. 




(17) 


28« : 5^. 


(14) 4j^ : 5*. 


(16) 8^:*. 


a*. 


(18) 
(28) 


(n-l)« : a 


(19) 16:17. 


(24) /=2aJ:- 


15, and2C 


(20) 3a : 25. 


(25) 9:2. 




(29) 


^ = 2ax. 


(2S) a'-jf^^ab. 


(26) 4, and 6 


■ 


(80) 


4 




(27) 26y. 




X X 


^ J? 




EXERCISES, i 


z. 




(1) 21, and 96. 


(4) 400. 




(8) 


-460. 


(2) 12, and -3. 


(5) 670. 

# ^^ V «i^ .^ .^ ^^ 




(9) 


57i. 


(S) If, and6|. 


(6) sgoa. 

(7) 1*30. 




(10) 


196|. 


(11) £51.3s.9^& 


nd3«. l|<f. 


(18) 


96, 94, 88, 84. 


(12) £47. 10*. 




(19) 


20, 80. 




(IS) 78. 

(14) 19s^ miles. 

(15) li, and|. 




(20) 
(21) 


40, 16, 6i. 

100, and £767. 10*. 




(22) 


16. 




(16) 72^««dg. 




(23) 
(24) 


15 times. 
I^ miles. 




(17) Ih 2, 2|. 













MISCELLANEOUS EXERCISES. 
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MISCELLANEOUS EXERCISES. 

(1) -rar. L-^v 5-« 

(2) (6 -2) or*. 



(10) 



(3) (Sfl-p-iy. 

(4) No. 

(5) Yes. 

(6) -g— 

(7) a-{-b-¥c-d, 

(8) 26x + 2by. 

(9) i^-J. 

(25) a? = 4. 
(2^ a? = 12. 

(27) a? = 8. 

(28) a? = S|. 

(29) * = -|- 

(30) x = ?. 



(43) or = 8,) 
^ = 2.| 

(44) x = 4, ) 

(45) x=131. 



x-1 

(11) n. 

(12) 5a?. 
(IS) a. 
(14) a" + 2fl6 + 2J'.l(2l) aj«-a'. 



(18) ^ + ^+1. 

(19) «' + ;3+«+-- 



(20) ^+1^-1. 



(15) af'-2jr" + ar. 

(16) |. 
3a + 26 



(22) Ja-hjl, 



(17) 



Sb-^a' 



(23) 
(24> 



4jg* + gy * 
4a;*- 9y*' 
a;(x + l) 



d?s= 



(31) 
(32) 

(33) 
(34) 

(35) X 

(36) X 



-4i. 
6i. 



1(37) a? = 2,or4. 



x = 



„13 



JF = ± 



5, or 55' 
2, or - If. 



,2 



(88) a? = 2,or|2. 

(39) or = 4, or 3^. 

(40) X = 5, or 6i5- 

(41) ^ = :^,or-. 

(42) «=2,or-2^- 



x=131, ) 
^ = 31. ] 



(52) 35 feet. 

(53) £7500. 

(54) 22, 18, 50. 
\d) 22. 



(46) X 

y 

(47) X 

y 

(48) df 



= 5, ^ 

= 6, \ 
= 14./ 



(49) « 

(50) X 

y 

(51) a: 

y 



= 7, V 
= 12./ 

= 11,) 
= 12. J 



*3, ) 
3,ori.; 



(56) A 5*., B 3*. 

(57) 320. 

(58) 18,^i,^SL. 
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(60) 4 dozen. 

(61) ^^,and^j^. 

(62) 32*. and 14. 
{63) 300. 

(64) £8100, and 9. 

(65) 7imile8> 100 yards. 

(66) S55. 

(67) 47. 

(68) £70, £52, £40. 



MISCELLANEOUS EXERCISES. 



(79) 4, 10, 6. 

(80) 27, 48. 

(81) 1 : 8. 

(82) 3*3137 inches. 



(69) 16. 

(70) 52, and 48. 

(71) 14. 

(72) 2, or 9, days. 

(73) 15, 21, 24. 

(74) From 3 to 2-f- per cent 

(75) 112lbs. silver, ) 

361bs. copper. / 



(83) 
(84) 
(85) 
(86) 

(87) 



1 : 2. 

£5825. Ss. Bid. 

123, 68, 16, 43. 

8*24 in. nearly. 

63 years, a.d. 1742. 



THE END. 



ratoTLArt 






